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Abstract 

In [5] Chas and Sullivan denned an intersection-type product on the homology of the free 
loop space LM of an oriented manifold M. In this paper we show how to extend this construction 
to a homological conformal field theory of degree d. In particular, we get operations on H*LM 
which are parameterized by the twisted homology of the moduli space of Riemann surfaces. 

1 Introduction 

Let M be an oriented manifold of dimension d. Let the free loop space 

LM = Map{S ] , M) 

of M be the space of piecewise smooth maps from the circle into M.. In [5] Chas and Sullivan 
defined a Batalin-Vilkovisky algebra structure on the homology H*LM of the free loop space of 
any closed oriented manifold. In particular, they have constructed an intersection-type product 



• : HpLM 



H q LM 



H 



p + q-d 



_„LM. 



(1) 



Their paper started string topology; the study of the algebraic structures of the space LM and 
various stringy spaces associated to M. 

The loop product of ([I]) is constructed by first intersecting chains in LM x LM with the 
submanifold Map (oo, M) of composable loops and then by composing these composable loops. 
Their paper suggests a richer algebraic structure on H*LM. For example, to prove that the 
loop product is graded commutative, they used the various compositions illlustrated by graphs 
in figure [TJ Hence there should be a space of graphs whose homology parameterized string 
topology operations, 

This idea has already been pursued by Voronov in [17j . by Cohen and Jones in [6] and by 
Cohen and the author in [3]. This paper extends these constructions to an action on H*LIVl 
by the homology of a space of graphs whose homotopy type is related to the moduli space of 
bordered Riemann surfaces. 



a*|3 



a* t |3 





|3*a 




Figure 1: A family of compositions giving a homotopy between a • b and b • a 
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1.1 Main result and examples 

Theorem 1. The pair (H*LM, H*LM) has the structure of a degree d open-closed homological 
conformal field theory ( HC'FT) with positive boundary. 

This theorem is the main result of this paper which, amongst other things, settles a conjecture 
from [5]. We will first of all spell out what structure this gives on the pair (H*LM, H^M). Specific 
examples will then be given. 

By an open-closed cobordism S, we mean an oriented cobordism between two 1-dimensional 
manifolds. More precisely, S is a compact oriented surface with boundary. Its boundary is 
divided into three parts : the incoming part 9i„S, the outgoing part 9 ou tS and the free part 
9/ ree S. The incoming and the outgoing boundaries are the 1-dimensional manifolds. The free 
boundary is a cobordism between the boundary of 9mS and the boundary of d ou tS. We also 
choose parameterizing diffeomorphisms 

<Pm : 9mS — > N (p out : d out S — > P 

to ordered disjoint unions N and P of I or S 1 . Note that this gives the connected components 
of both di n S and d out S an ordering and a parameterization. The mapping class group 

Mod[S) =Mod oc [S) =n Diff+(S;d in SUd out S) 

of such an open-closed cobordism S is the group of isotopy classes of orientation-preserving dif- 
feomorphisms of S which fix both the incoming boundary and the outgoing boundary pointwise. 
Whenever the outgoing boundary of Si is identified with the same 1-manifold as the incoming 
boundary of S2, we get a well-defined gluing Si #S2 and a group homomorphism 

Mod oc (Si) x Mod oc (S 2 ) — > Morf oc (Si #S 2 ). 

Example 1. The surface of figure [21 has genus 3 and nine boundary components. The two 
drawings show the same open-closed cobordism between 

9 m S = I II I II S 1 II S 1 d out S = I II S 1 II S 1 II S 1 . 

Throughout this paper, we will assume that the boundary of every component of an open- 
closed cobordism is not completely contained in the incoming boundary. This eliminates, for 
example, the disk whose unique boundary component is completely incoming. The term positive 
boundary comes from this restriction. 

Theorem Q] says that for any open-closed cobordism S there is a map 

: H4BMod oc (S);det(xs)' g " i <8> H*LM® P ® H.M^ — > H st LM® m ® H,M^ n 
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(a) Cylin- (b) Pair of pants (c) Mouth (d) Mouth (e) Pair of flaps 

der piece piece back- 

wards 



Figure 3: Some interesting cobordisms 



which preserves degree. Here p and q (respectively m and n) are the number of circles and 
intervals in the incoming (respectively outgoing) boundary of S. We therefore get operations 
parameterized by the homology of the mapping class groups with twisted coefficients. 

The twisting det(chis) d will be defined in section [4] We will consider first the virtual vector 
space 

Xs = H»(S;3 m S) = (Hi(S;9i„S),Ho(S,9i n S)) 

with the appropriate action of Mod(S). We get a graded vector bundle det(xs) above BMod(S) 
which we think as lying in degree minus the Euler characteristic of S relative to its boundary. 
When we glue two open-closed cobordism Si and S2, the long exact sequence associated to the 
triple (Si #S2, Si , 9mSi ) gives an identification 

det( XSl ) m ® det(xs) 8d = det(xs, #s 2 )® d . 
We ask that the operations of |Xs, and us 2 compose to give a commutative diagram. 

H4BMorf oc (S 2 );xf 2 ) ®H,(BMorf oc (Si);xf,) ^H.LM^ <g> ^M®" 




H*LM.® k <g> H*M®' 



Remark 1. If the cobordism S has no more than one boundary component that is completely 
free then xs,d is a trivial twisting. However there is no way of picking trivialization for each of 
these components in a way compatible with the gluing. 

Example 2. The mapping class group of the cylinder S — S cy i of figure [3] is an infinite cyclic 
group generated by a Dehn twist around any curve homotopic to a boundary component. The 
twisting 

H*(S;9 m S) = (0,0) 
which is naturally oriented. We therefore get 

H (Mod oc (S C!/i );det(xs) 8d ) = Z Hi {Mod oc (S cy i);det(xs)® d ) = Z. 

Theorem [T] gives two interesting operations 

Id : H.LM — > l-ULM A : H*LM — > H* +1 LM 

corresponding respectively to the generator of Ho and Hi . Here A is the BV operator of Chas 
and Sullivan which is given by the composition 

H*LM — ' S md - H1S 1 ® H»LM *■ H, +1 (S 1 x LM) ^H„+iLM 

where the last map is induced from the usual S 1 action. 
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Example 3. Lets now consider the pair of pants. Its mapping class group is generated by three 
Dehn twists : one for each boundary. These Dehn twists commute and hence 

Mod(S pants ) = Zx Z x Z. 

The relative homology 

H* (S pants ) 3mS pants) — (0, Z] 

of the pair of pants is generated by a curve linking the first incoming boundary component to 
the second one. This choice of a generator determines an identification 

H (M O d(S pan4s );det( X s)® d ) =Z H, (Mod(Spants)\det{ X s)® d ) = Z® 3 
H 2 (Mod{S pants )■ det( Xs )® d ) =Z® 3 H 3 (M o rf(S pa „ fs );det( X s) 0d ) = Z. 

The generator of Ho(Mod(S p(mts );det(xs)® d ) determines an operation 

*cs : H»LM (g) H»LM — > H»LM 

which is, up to a sign, the Chas and Sullivan product. The operations corresponding to higher 
homology groups are simply composition of this product with various A. 

Remark 2. As we shall see in section I4T51 the operation *cs is anti-associative for an odd- 
dimensional manifold M. By regrading the group H*LM, Chas and Sullivan defined a strictly 
associative product. However, this regrading would render our coproduct anti-co-associative. 
Example 4. The mapping class group of both mouth pieces in figure [3] is again Z generated by a 
Dehn twist along a curve which is homotopic to a boundary component. Once again the bundle 
Xs is oriented and hence these cobordisms therefore give two operations each. 
First the relative homology of the forward mouthpiece 

H* [S mouthpiece , 3 in§ mouthpiece ) — (0,Z). 

is oriented by the orientation on the outgoing boundary component. We obtain maps 

V^s mmtWm ,o ■ H*M — > H»_dLM M-s mmitftp , ra ,i : H»M — > H*_ d+ i LM. 
The first one sends 

ra ,o([M]) = X (M) [c] 

where [c] is the class in HqLM. corresponding to a single constant loop and where x(M) is the 
Euler characteristic of M. The generator in degree one is obtained from the generator in degree 
zero by gluing the generator of Hi ( Mod (S cylinder)) and hence the map 

M-s moo( » !)iece ,i : H„M — > H*_ d+1 LM 

is the composition of M-s mo „ u , p , ecc ,o with A. Since A is zero on constant loops and hence 

^-s mouthpme ^ = 0. 

We pick the positive orientation on the relative homology of the backwards mouthpiece 

H* (S eceiphtuora > ^i n S eceiphtuom ) — (0>0)- 

The first of the two maps 

Vs eceiphtuom> o ■ H*LM — > H*M us^^,, : H,LM — » H, +1 M. 
is the induced by the evaluation map 

ev° : LM — > M 

at the base point. As before the second map is the composition of A with the first M-s^^^^.o 
and therefore is 

H»LM = H» f M s ' ) —4 H»+i M. 
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Example 5. By Smale's theorem, the mapping class group of the pair of flaps Sfl aps is trivial. 
Hence the twisting XSa™ is trivial and the twisted homology of Mod(Sfl aps ) is trivial except that 

H (M d oc (S /Japs );det( X s)® d )=Z. 

The operation corresponding to a generator is the intersection product 

HpM (g) H q M — > H p+q _ d M 

of M. Again this intersection-product is not strictly associative. 

1.2 Conjectures 

1.2.1 Relative string topology 

Our construction should be a special case of a more general structure. From the work of Sullivan 
in [14j and Ramirez in |12j , one expects a relative version of string topology. More precisely, fix 
any collection B of submanifolds of M. For any A, B in B, let 

P ab M={y:I — >M y(0)eA y(l)eB} 

be the space of piecewise smooth paths in M which starts in A and ends in B. Using the ideas 
of string topology, Sullivan constructed an operation 

H P (P AB M)® rUPflcM) _>h,(PacM) 

which decreases degree by the dimension of B. We conjecture that this relative string product 
is part of a more general structure including the operations of theorem [T] as follows. 

An B-manifold is a parameterized 1-dimensional manifold N whose boundary is labeled 

l N : 3N — > B 

by elements of B. An B-open-closed cobordism S is an open-closed cobordism between two 
£>-manifolds. In particular, S comes with a labeling 

Is : 7To3/ ree S — > B 

of the connected components of its free boundary by elements of B. The mapping class groups 

Mod B (S) =n Diff + (S;d m S Ud out S; l s ) 

of such an S is the group of isotopy classes of diffeomorphism of S which preserves the incoming 
and the outgoing boundary pointwise and also respects the labeling. In particular, these diffeo- 
morphisms are allowed to permute entire circles of the free boundary only if they are labeled by 
the same element of B. 

An Z?-cobordism has positive-boundary if each of its component has some outgoing boundary. 
For each S-cobordism S, there should be a twisting f,s above each BMorf 6 (S). These should be 
compatible operations 

H4BMod B (S);t s ) ® H,(LM)®" ® ® H*(P AiBi M) H*(LM.)® q ® ®H,(P C)D) M) 

where the incoming boundary of S has p circles and then intervals Ii labeled by Ai and Bt and 
similarly for the outgoing. 

Conjecture 1. The tuple 

{H.(PabM) A,BeB} 
has the structure of a B-homological conformal field theory. 
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Theorem Q] proves this conjecture in the case where B = {M}. It actually constructs extra 
operations because of the existence of a trace map 

H.PmmM = H*M — > Z. 

We believe that these operations in this conjecture can be constructed similarly using an appro- 
priately decorated graph model. 

Such a construction, especially a chain-level construction, would have application to contact 
homology through the work of NG, Sullivan and Sullivan. The existence of such a construction 
would also have consequences for the string operations of theorem [TJ 

1.2.2 Homotopy invariance 

The construction of the string operations |J.s presented in this paper uses the tangent bundle 
of the manifold M as well as its differentiable structure. At first glance, we have therefore 
constructed diffeomorphism invariants of M. However in [4], Cohen, Klein and Sullivan show 
that the BV structure defined by Chas and Sullivan does not depend on the smooth structure 
of M. They even show that any homotopy equivalence 

f : Mt — > M 2 

which sends the orientation of Mi to an orientation of M2 induces an isomorphism 

Lf* : H*l_M^ — > H»LM 2 

of BV algebra. Such an homotopy equivalence is called an oriented homotopy equivalence. Hence 
the Chas and Sullivan structure is an oriented- homotopy invariant. 

Conjecture 2. The operations of theorem]]] and the conjectured operations of [7] are oriented- 
homotopy invariant. 

This conjecture follow morally from work of Costello. In [7], Costello constructed a positive- 
boundary open-closed TQFT structure on the pair (A, HC*A) where A is a Frobenius algebra 
and HC*A are its Hochshild chains. He also showed that this TQFT structure was universal 
amongst all such structure on (A,B). 

If one manages to apply his theory applies to A = C*M, there would be a purely algebraic 
construction of the dual of the string operations as 

HHJCM) = H*LM. 

Hence the structure on H»LM would depend only on a choice of an A^ Frobenius algebra 
structure on C*M. However, Costello's definition of an Aoo algebra is too restrictive to apply 
to C*M. It would require to have a non-degerate pairing 

<,>: C*M® CM — > k 

on the in/imie-dimensional vector space C*M. 

Note that to apply the universality to this conjecture, we would need to lift the string 
operations conjectured in [1] to the chain level or to the spectrum level and define them in a 
slightly more general setting. 

1.3 Tools and methods 

This paper will start by the construction of a fat graph model for the classifying space of the 
mapping class groups of our cobordism. A fat graph is a graph with cyclic ordering of the 
edges coming into each vertex. These fat graphs are spines of Riemann surfaces and the cyclic 
ordering comes from the orientation of the surfaces. 
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Remark 3. In 3 , Cohen and the author also used a space of metric Sullivan chord diagrams 
to construct string operations. These chord diagrams were introduced by Sullivan and first 
appeared in [3]. In that paper, Cohen and the author had conjectured that the space of metric 
Sullivan chord diagrams is a classifying space for the mapping class groups and then hinted about 
how to get operations over families of chord diagrams. However the conjecture is wrong : the 
space of chord diagrams is too small to be such a model. More precisely it's cellular dimension 
is smaller than the cohomological dimension of the mapping class group as was shown in [S]. 
This explains the bigger model and the more complicated operations defined in this paper. 

In this paper, we use the category Tat a of admissible fat graphs. These are fat graphs whose 
incoming boundary cycles are disjoint circles. This category is introduced in details in the next 
section. In that section, we also prove that it is, in fact, a model for the classifying space of the 
mapping class groups. 

We also show how to construct a symmetric monoidal partial 2-category Cob :Fat enriched 
over categories. The objects of Cob' Fat are diffeomorphism classes of parameterized 1-manifolds. 
The category of morphisms is the category Tat a of admissible fat graphs. The composition in 
Cob' Rlt is defined by gluing fat graphs along their boundary components. 

We then attack the construction of the string operations. For each admissible fat graph V, 
we show how to generalized the idea of [3j to get a map of spaces 



M a,„r x w 



Thorn [<r) 



(2) 



where Kr is a bundle above the space M r of piecewise smooth maps of T into M and Wp is an 
Euclidean space. This gives an operation 



Hr : H*M. 



a„, r 



H*(T7iom(Kr)) = H„M r 



H*M 



9™T 



which corresponds to Ho (BMod(Sr))- 

To get the higher operations, we construct one big map of spectra 



[Tat c 



Thom(K) 



Here [J-at a )° v is a topological category which is a thickened version of Tat a . It contains the 
choices involved in the construction of the Thom-Pontrjagin collapses of ([2]). The target virtual 
bundle k lies above the space 



[Tat 



a -.op 



Mr 



Wiff + {S) x Map{S;M) 

Diff+(S) 



which twists the M r together. This construction in section [3] will consume the most of our 
energy. 

In section @] we complete the construction of the higher operations. We first study the 
determinant bundle of k and relate it to the det(x)® d - We then use the Thorn isomorphism 



H* (77iom(K);det(K)® d ) 



[Fat c 



JVT 



which we follow with the restriction to the outgoing boundary component. In this section |4j we 
construct the twisting det x and define homological conformal field theory. 
Finally in section [5J we will show that these operations glue correctly. 



1.4 Acknowledgments 

I am thankful to Antonio Ramirez for starting this project with me. I would also like to thank 
Ralph Cohen, Michael Hopkins, Mohammed Abouzaid, Tyler Lawson and Andrew Stacey for 
important discussions about this project. I am also thankful to Nathalie Wahl for her comments 
about an earlier version. 



7 



2 Admissible fat graphs 



The goal of this section is to construct a category Tat a whose objects are admissible fat graphs 
and to prove that its geometric realization is a classifying space for the mapping class groups. 
More precisely, 

\Tat a \ ~ U ls] BMod{S) 

where the disjoint union ranges over all diffeomorphism type of cobordism S whose boundary is 
divided into three parts 

We also have an ordering of the connected components of di„S and d ou tS. 

In the remainder of this paper, the model Tat a will be used to define the new string opera- 
tions. 

2.1 Graphs and fat graphs 

In this section, we briefly introduce fat graphs and construct a category Tat following the work 
of Igusa QU Chap. 8]. 

A graph G = (V, H, s,i) is a set of vertices V a set of half-edges H a source map s : H — > V 
and a fixed-point free involution i : H — > H which pairs an half-edge h with its other half 
h = i(h). Hence the set E of edges in the graph G is the set of orbits of i. 

There are two different ways of constructing the geometric realization of G corresponding to 
thinking of half-edges as an edge with an orientation or as an actual half of an edge. 

, r = (IxH)IIV (I x H)IIV 

11 {(0,h)~s(h), (1,H)~(1,i(h))} {(0,H)~s(h) (t,h)~(l-t,i(h))r 

Both these definitions will be useful to us and we will use both. 
We can extend the map s and i by the identity on V to get 

i : V H H — iVHH s : V H H — > V. 

A morphism f : Go — > Gi of graph is a map of sets 

f : V II H — > V! II Hi 

which commutes with the extended i and s. We will add the requirement that f is surjective and 
that it induces a homotopy equivalence between the geometric realization. At the combinatorial 
level, we are requiring that any half edge hi of Gi is the image of exactly one half-edge of Go- 
We also forces that for any vertex vi of Gi , the subgraph f _1 (vi ) of Go is a tree, ie contains no 
loops. 

A fat graph V — (G, o~) is a graph G with a permutation o~ on the set of half-edges. We ask 
that the orbits of o~ are exactly the sets s _1 (v). Hence ff gives cyclic orderings of the half-edges 
starting at each vertex. 

From a fat graph V, we can construct a surface Ly as follows. For each vertex v of G, we 
take a disk D v whose oriented boundary we identifies with 

5-'(v)xI 

v {(h,l)~(a(H),0)} - 
For each edge e = {h, h} of G we take a strip 

= {h,h}x I { h, h} x I 

e {(h,t)~(h,1-t)} X {(h,t)~(h,l-t)} 
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Figure 4: A fat graph V and its surface Zp 



To construct the surface Lr, we glue one side of this band to the disk of s(fi) and the other side 
to the disk of s(h) by identifying 

(t,(0,h)) - (t,h)G3D, (hJ 
(t,(0,h)) - (t, h) € 9D S(K) 

Using this last identification we define 

TTD v IlTTS e 

2-r = . 

The geometric realization of F sits inside Lr as a spine. The boundary of Lr is made up of 
intervals 

a H = {[(H,o),(h,-t)]tei}cs e 

which leads from Dsj^) to D s (^. Because of this, we define the boundary cycles of F to be the 
permutation 

o> = cr • i. 

Note that since cr = cu ■ i, the fat structure on V is completely determined by (G, cu). 
Following Igusa, we let a morphism 

cp : T = (G , ct ) — > H = (Gi, ai ) 

of fat graphs be a morphism of graphs cp : Go — > Gi which preserves the boundary cycles. More 
precisely, we ask that for any hg Hi 

toi(hi) = cp (cuftho)) 

where ho is the unique preimage of Hi in Ho and k is the smallest positive integer so that 
cu^fho) is not collapsed. In other words, cui is gotten by removing the collapsed elements from 
ci>o and by applying cp to the remaining half-edges. 

Example 6. As in figure^ we consider the graph with two vertices u and v and whose half-edges 
are 

H = {A,B,C,D,E,F,G,H,} 

The source map is 

s(A) =s(B] =s(C) =s(D) =u s(E] = s(F) =s(G] =s(H] =v 
and the involution associates 

i(A)=E i(B)=F i(C) = G i(D) = H. 
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We put the fat structure 

ff = (ABCD)(EFGH) 

on G which is given by the clockwise orientation on the plane. The boundary cycles of T are 
then 

cu = (AFCH)(BGDE) 

Hence the surface Lr, which is also pictured in ffigurelH has two boundary components. Since 
Lr is homotopy equivalent to F, its Euler characteristic is —2 and hence Lr is homeomorphic to 
a torus with two boundary components. 

Igusa defined Tat to be the category whose objects are fat graphs (F, cu). We ask that every 
vertex of V has valence at least three, ie there are at least three half-edges with source v. The 
morphisms of Tat are the morphism of fat graphs. 

For any closed surface S with marked points Pi , .. .Pk, let the mapping class group of S 

Mod[S) =7ro^# + (S;{ Pl) ...p k }) 

be the group of isotopy classes of diffeomorphisms of S which fix the Pi's. 

Theorem 2 (Harer, Strebel, Penner, Igusa). The geometric realization of the category Tat is 

\Tat\ ~ ]jBMod(S) 

[S] 

a disjoint union of classifying space of the mapping class groups of marked surfaces with positive 
Euler characteristic. Here the disjoint union is over all diffeomorphism type of surfaces S of 
genus g with k > 1 marked points with negative Euler characteristic. 

Remark 4. We will let Tatg tS be the subcategory which realizes to the connected component 
homotopy equivalent to BMod(S) where S is a connected surface of genus g with s marked 
points. The universal cover of |J-txtg jS | is the geometric realization of the ^.Tat gs whose objects 
are pairs 

(F,[f :|r|— >S]). 

Here [f] is a isotopy classes of embeddings that avoid the marked points. We also asked that f be 
a homotopy equivalence and that each marked point be circled by its corresponding boundary 
cycle. See [IT] [10] for more details. 

2.2 Open-closed fat graphs. 

An open-closed cobordism S is a surface with boundary. The boundary of S is divided into an 
incoming 9i n S, an outgoing 3 ou tS and a free 9/ ree S parts. Hence, S is a cobordism between the 
1-manifolds with boundary 3i„S and d out S. The remainder 9/ ree S is a cobordism between the 
boundary of 9mS and d ou tS. The mapping class group of such an S is the group 

Mod(S) = n Diff + (S;d m SUd out S) 

of isotopy classes of diffeomorphisms of S which fixes the incoming and the outgoing boundary 
components pointwise. 

In this section we will decorate the fat graphs of Tat to construct a category Tat oc of open- 
closed fat graphs. The connected components of the geometric realization of Tat oc are homotopy 
equivalent to the classifying spaces of the different open-closed mapping class groups Mod{S). 

Let G be a graph. A vertex v of G is called a leaf if it has valence one, ie if there is a single 
edge attach to it. We let V\ C V be the set of leaf of G. An open-closed fat graph is a quadruple 

( T, In , Out , Closed ) 

where r = (G, cu) is a fat graph and 

In, Out, Closed C V\ 
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Figure 5: An open-closed fat graph and its associated open-closed cobordism. 



are all subsets of the set of leaves in G. We require that Tn and Out be disjoint and ordered. 
We will call the elements of In incoming leaves and the elements of Out, outgoing leaves. We 
will call a leaf special if it is either incoming or outgoing. We also require that the closed leaves 
all be special 

Closed ClflU Out =: Special 

and that each leaf v in Closed be the only special leaf in its boundary cycle. The special leaves 
that are not closed are said to be open 

Open — Special \ Closed. 

This extra data on V gives S = Ir the structure of an open-closed cobordism as follows. We 
first divide the boundary into the three parts 9m S, 5 ou tS and 3jv. ee S. The incoming boundary 
is made up of the entire boundary associated to a closed incoming leaf and a small part 

{[(0,H),(t,h)]ea h t < 1/2 s(h)=v}u{[(0,h),(t,h)]e3 h t > 1/2 s(i(h))=v} 

of the boundary around an open incoming leaf. 
Example 7. The fat graph of figure [5] has five leaves 

Vi = {u,v,x,y,z} 

and four boundary cycles co u , w v , cu x , z , w y . We let 

Xn—{v,z\ Out—{x, y} Closed = {v} Open = {x,y, z}. 

The open-closed cobordism Zr is also illustrated in figure El The incoming and outgoing bound- 
ary are thickened while the free boundary is thin. In particular Lp is a cobordism between 

ins 1 — > in i. 

A morphism of open-closed fat graph 

cp : (io,2ho, Outo,Gosedo) — > (P| ,2hi , Out} ,Gosedi ) 
is a morphism of fat graphs cp : To — > Pi which induces order-preserving isomorphism 

(p in : Too Xni <p out : Out OuU ^closed ■ Closed^ ^> Closed} . 
Let Tat oc be the category of open-closed fat graphs with these morphisms. 
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Theorem 3. The geometric realization of the category Tat oc of open- closed 

\Tat oc \~~[jBMod oc (S) 

[S] 

a disjoint union of classifying spaces of open-closed mapping class group. More precisely, the 
disjoint union is over all diffeomorphism of open-closed cobordism [S] with ordered incoming and 
outgoing boundary components. 

Proof. First wc claim that allowing for univalent and bivalent vertices in Igusa's category does 
not change the homotopy type of the geometric realization. Consider the categories Tat' ' 2 and 
Tat 2 whose objects are respectively any fat graph and fat graphs with no univalent vertices. 

Lets first show that removing univalent vertices does not change the homotopy type. There 
are two functors 

Tat'' 2 ^> Tat 2 ^ Tat'' 2 . 

The functor £,2 is the natural inclusion. The functor £,1 removes all univalent vertices and the 
unique edge leading to it. And repeats this process until there are no univalent vertices. The 
composition £,1 • £2 is the identity. There is a natural transformation between the composition 
the identity on Tat'' 2 and £,2 • £,1 by collapsing all the edges that £,2 • £,1 has removed. 
Lets now shoe that we can remove bivalent vertices as well. There are also two functors 

Tat 2 Tat Tat 2 . 

The functor £4 is the natural inclusion. The functor £3 takes a fat graph F — ( G , cr = ( cr v ) ) to 
the fat graph Y umted obtained from removing all bivalent vertices v and joining the two edges 
attaching at v into a single edge. Again the composition £,3 • £4 is the identity. It therefore 
suffices to show that C = £,3 is a homotopy equivalence. 

To show this, we will prove that the geometric realization of the over category £/r is con- 
tracture for each F in Tat. The objects of L,/T arc pairs (T, cp) where T is a fat graph with no 
leaves (but with possibly bivalent vertices) and where 

cp : an — > r 

is a morphism of fat graph between two fat graphs with no univalent or bivalent vertices. The 
morphism 

9 : (r ,cp ) — > (Ti,(pi) 

of C/T are morphism 

cp : f — > f 1 

of fat graphs that make the following diagram commute. 




an). 



Let Cr be the full subcategory of C/F whose objects are the pairs (F, cp) where cp is an isomor- 
phism. We claim that Cr is a deformation retract of C/F. Note that the objects of the category 
Cr give a subdivision of T by adding bivalent vertices. Let F be the functor 

F : C/F — > C r 

which takes an object (F, cp : C(F) — > V) to the fat graph above V obtained by collapsing 
every subdivision of every edge collapsed by cp. This gives both the functor and the natural 
transformation back to the identity. 
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It now suffices to show that for any T, the two functors 



est 
Id 

where est is the constant functor which sends anything to (F, Id) induces homotopy equivalent 
maps on the realization. To do so, we first pick arbitrary orientations of every edge of T. 
Following an argument of Igusa [111 Chapter 8] , we then construct an intermediary functor 

F : Cr — > Cr 

which sends (F, cp) to the fat graph obtained by adding a new edge and a new bivalent vertex 
at the beginning of every edge of T. (Here we are using the arbitrary choice of an orientation.) 
We have natural transformation 

-V 1 -V2 

Id-* F *-cst. 

Here "Vi collapses the newly added edges while "V2 collapses every other edge. This shows that 
adding bivalent and univalent vertices does not change the homotopy type of the geometric 
realization. 

The rest of the proof is a slight variant from [10] . Fix an open-closed cobordism S. Denote 
by S the marked surface obtained from S by collapsing each boundary component to a marked 
point. The maked points are divided into Marked special and Markedf ree depending on whether 
their corresponding boundary contains an incoming or outgoing boundary or whether it does 
not. (Note that the entire boundary must be free for a marked point to be considered free.) 

Recall that Mod(S) is the mapping class group of diffcomorphisms which preserve each 
marked point. Consider the mapping class groups Mod^ ree [S) associated to the diffeomorphisms 
which preserves free as a set and fixes every special marked point. We have a short exact 
sequence of groups 

— > Mod{S) — ) Mod free {S) — > L(free) — > 

where £(A) is the group of permutations on the set A. On the classifying spaces, we get a 
homotopy fibration 

L(free) BMod{S) >■ BMod free (S) 



Fix an ordering on the marked points of S so that the special ones Pi , . . . Pic come first. Consider 
the category Tat^ ee whose objects are fat graphs with a splitting of the boundary cycles into 
special ones and free ones. We give the special boundary cycles an ordering which is preserved 
by the morphisms of J-at^ ee . We only take fat graphs so that the surface Lr is homeomorphic 
to S as surfaces and that the number of special boundary cycles in V is the number of special 
mark points in S. Note that the morphism of Tat£ ee are allowed to interchange the boundary 
cycles of free. Hence there is a functor 



f, : J-ats > Tat^ ee 

which sends the object (F, cui , 0)2 • • • cu n ) to the same fat graph V with special cycles cui . . . cuk 
ordered as before. The fiber above each F is simply a choice of ordering on the remaining 
boundary cycles and hence is (not naturally) isomorphic to L(free). Any morphism of J-at^ ee 
lifts to a bijection between the two corresponding fibers. Hence we get a covering space 

Ufree) \Fat s \ *- \Tat f p e \. 

Since the two fibrations lift to the universal cover in exactly the same way we get that 

\Fat f r e \^BMod free (S). 
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Now every diffeomorphism of S induces one on S which gives a group homomorphism 



Mod oc {S) — » Mod free (S). 

Since all these mapping class groups are generated by Dehn twists, this homomorphism is 
surjective. Its kernel is generated by Dehn twists around the boundary components. This gives 
a central extension 

— > z no{e ^" s] — > Mod oc (S) — > Mod(S) — > 0. 
On the classifying spaces, we get a fibration 

(S 1 )«o(3 spraoi s) s BZ 7t o specio ,s) ^ BMod oc (S) *- BMod(S) 

We shall define a functor 

¥ : Tat oc — > jF<rf 

which will realize this fibration on the categories. 

First fix an open-closed cobordism S. Pick an ordering on the components 7to 3 mS of the 
incoming boundary, the components 7to3mS and an ordering on the special boundary compo- 
nents 7to3 sf , ecia ;S of S. Let Tat$ c be the category of fat graphs Y oc = (F, In, Out, Closed) whose 
associated open-closed cobordism §r°c is homeomorphic to S as open-closed cobordism. 

Take any open-closed fat graphs [V,In, Out, Closed) in Tats°- Since In is ordered, there is a 
natural bijection 

In = 7T 3 m S 

and similarly, we get 

Out = 7t 3 o «tS. 

In particular this fixes a bijection between the special boundary components of S and the ones 
of Lr- Using the ordering on nod spec iaS , we get an ordering of the special boundary cycles of F. 

Define ¥(r oc ) to be the fat graph F obtained from F by removing all the special leaves in 
In U Out and the unique edge leading to them. If that special edge was attached to a trivalent 
vertex, we remove this (now bivalent) vertex. The special boundary cycles of V are the ones 
corresponding to special boundary cycles in F and these are ordered. 

Fix a fat graph V in Tats- Lets study the category W/V. An object of W/t is a pair 

(r oc ,(p :¥(F oc ) — >f) . 

As before, we define a functor 

J :¥/F — >nr\r) 

by sending (F oc , cp) to the open-closed fat graph obtained by collapsing in F oc the edges collapsed 
in W(V oc ) by cp. It is easy to show that J is adjoint to the inclusion 

I : (f) — ► W/f 

and in particular, to use Quillen's theorem B, it suffices to show that any morphism 

A> ■ f i — » f 2 
of Tats induces an homotopy equivalence 

^MV-^foi— »|v- 1 (f 2 )|. 

To do this we will show that for any V in Tats 

|Tj/ _1 (f ; ]| ~ (s 1 \ d " pec,a ' s 
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Figure 6: A fat graph 



Since the special boundary cycle of V are ordered, they correspond to special boundary com- 
ponent of S. To get an object in V -1 (F), we need to attach leaves on each of these boundary 
cycles one for each incoming or outgoing parts. For example, if the i boundary component of 
S has four special intervals on it which alternate between incoming and outgoing as someone 
walks along the boundary. Say that these intervals are number 2nd, 2nd, 3rd, 3rd (recall that 
incoming and outgoing are ordered separately) . Then we need to pick along the i th boundary 
of T four attaching points for the leaves 

i in i out l in i out 
L 2 l 2 L 3 L 3 ■ 

This corresponds to choosing fourf cyclically ordered points on the circle of uh. This choice is 
therefore, up to homotopy, a circle. □ 



2.3 Admissible fat graphs 

Following the definition of the Sullivan chord diagrams in [5], we now restrict the shape of the 
graph underlying an open-closed fat graph. These admissible fat graphs will be used to define 
the higher genus string operations in the following sections. Note that this model is quite similar 
to the model used in [7]. 

Definition 1. An open-closed fat graph 

r oc = {V,In, Out, Closed) 

is admissible if its incoming boundary cycles are embedded in V. 

More precisely each incoming leaf v in In (~l Closed, which represent a closed incoming 
boundary component of Lr, correspond to some boundary cycle of V and hence to a map 

f v is 1 — > in. 

We get a map 

U Mil U S 1 LlidULIfv ; 

v£ln\aosed velhnQosed 

The open-closed fat graph Y oc is admissible if and only if this map is an inclusion. 

Example 8. Let V be the fat graph of figure[U An open-closed fat graph F oc = [Y,In, Out, Closed) 
is admissible if and only if 

In n Closed C {x,tj}. 

Let Tat a be the full subcategory of Tat oc whose objects are all admissible fat graphs. For 
any open-closed cobordism S, we denote by 

Fats = n ^ at s c 

the subcategory of Tat a whose open-closed fat graph F oc have a surface Lr oc homeomorphic to 
S as an open-closed cobordism. 
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Theorem 4. For any open-closed cobordism S whose boundary is not completely incoming, the 
inclusion 

Tatl — ► Tat° s c 

is a homotopy equivalence. 

Proof. It suffices to show this result for connected surfaces. So let S be a connected open-closed 
cobordism. Say the surfaces S has p closed incoming boundary components, q other boundary 
components and genus g. By the assumption, q is at least one. 

We will first prove a similar statement for the mapping class group of the surface S' obtained 
from S by collapsing each boundary component to a marked point. 

As before let Tat 1 ^ g be the category of fat graphs T with q ordered boundary cycles and 
whose surface Lr has genus g. As in the previous section, we allow bivalent and univalent 
vertices. We already know that 

\m 2 q J ~BMod(S q , g ) 

where S q>g is a connected surface with q marked points and with genus g. Lets also consider 
the category of pairs (F,{vi , . . . v p }) where T is a fat graph in Tat qg and where 

{V!,...,V P }C V 

is an ordered set of p distinct vertices in F. The morphisms of ^"q.g are morphisms of fat graphs 
which sends each marked vertex to the corresponding marked vertex. 

A diffeomorphisms of S p+qj g which fixes p + q marked points does fix q points. We therefore 
get a short exact sequence 

^ + (Sp + q ,g) — > ^ + (S q ,g) ^ Cp(Sg,g) 

where C p (S qi g) is the space of p distinct and ordered points on S. Since q > 0, we have that 
the connected components of Diff + (S p+ q jg ) are trivial and hence 

^ + (Sp + q,g)^M d(S p + q ,g). 

We therefore get a fibration 

Cp(Sq,g) > BM d(Sp + q ,g) BMod(S q , g ) 

Consider the functor 

£ ' J~q,g * J~atq t g 

which forgets the p marked vertices. It also removes any special vertex that was a leaf and 
the unique edge attached to it. Fix a fat graph F in Tat q ^. As before we can argue that the 
homotopy fibre of the geometric realization of £, is the geometric realization of the category 
f, _1 (r). Now an object in this category corresponds to a choice of p different and ordered 
marked vertices. However this vertices may be on the graph F itself or on a leaf attached to 
it. We are therefore picking p points around the graph. Since a neighborhood of the graph is 
homcomorphic to I r , we get that 

ir 1 (r)i = c p (s q>g ). 

Since both fibration have the same holonomy, we get that 

|^ g |~BM d(S p+q , g ). 

Now consider the category T^ +q q of fat graph V in Tat v+q ^ g so that the first p boundary 
components are disjoint circles. There is a functor 

w ■ -pa . fV 

■ J p+q,g J q,g 



16 



Figure 7: The universal element of C{{a, b, c, d, e,f, g . . . z)) 



which transforms the p circles into p marked vertices. We claim that W induces an homotopy 
equivalence on the geometric realization. Fix a fat graph T with p marked points. Again, the 
homotopy fibre of W above F is simply the geometric realization of the category (V). 

An object in y _1 (V) is an opening of each marked vertex into a circle. Hence for each of 
these marked vertices v, we only need to pick a circle and where each half-edge adjacent to v 
lands. These choices are independent of each other hence 

v£A4arked 

is a product of p categories. For any cyclically ordered set A, we let C(A) be the category of 
graphs G which are oriented circle with leaves cyclically labeled by A. Using the argument of 
theorem |31 we can show that the subcategory C(A)>3 where each non-leaf vertex has at least 
valence three is a deformation retract. Now this subcategory has an initial object, namely the 
graph where each vertex has exactly order 3. This graph is shown in figure... In particular 

\C(A)\ ~ |C(A)> 3 | * * 

are both contractible which means that so is (F). Hence W induces a homotopy equivalence 
and 

|jr a +qig |~BM rf(S p+q , g ). 

Now we can reapply the whole argument of theorem [3] with the category g replacing 

Tat. This gives the desired result. □ 

2.4 Gluing fat graphs 

We now will show how to see the gluing of surfaces at the category level. Say we have two 
open-closed cobordisms Si and S2 and say we have an identification 9 on tSi and 9i„S2- We 
would like to have a functor 

JRzis, x Tat% 1 — > •7 r a£s 1 #s 2 

which would model the map 

BMod 6 (Si) x BMod B (S 2 ) — > BMod B (Si #S 2 ). (3) 

However to glue two fat graphs, we would need to subdivide the corresponding boundary cycles 
to a matching size and then identify them. For general fat graphs, such a subdivision might be 
infinite. For admissible fat graphs, they are finite and come in a contractible family, but there 
is no natural one. 

A simple way to remedy this problem is to build a gluing that is only partially defined. More 
precisely, we will construct a subcategory 

g s ,,s 2 C Tat^ x fat% 2 
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of gluable fat graphs. On the geometric realization, we get a homotopy equivalence 

ISs,,s 2 l c |^<,| x \mt 2 \. 

We also define a gluing functor 

Gs u s 2 — > ^s, #s 2 - 

which models ([3]). 

The objects of Q are pairs [V, V) of admissible fat graphs in Fat$^ x J-~at^ 2 so that for each 
closed outgoing boundary of Si , the corresponding boundary cycles of F and T have exactly the 
same number of edges. We want to think of these boundary cycles as glued. In particular if 

w out = (LlAi _ _ Ak) ~e = (LlBl _ _ Bk) 

then our morphisms will act as if Eh and Ak-i are already identified. In particular, the mor- 
phisms of Q are morphisms 

(<p,$):(ri,ri)— >(r 2 ,f 2 ) 

which collapse Bi if only if it also collapse Ak-i 
We define a functor 

# : Qs u s 2 — > ^s, #s 2 

by gluing the admissible fat graphs (T, V) along their identified edge. To make this definition 
more precise, let eVp, eEp and eH^ be respectively the set of all vertices, edges and half-edges 
of F which are not part of an incoming boundary cycles. The admissible fat graph T^T will 
have vertices, edges and half-edges as follows. 

V # = V r HeV r 
E # = E r HeE r 
H # = H r II eH f . 

If V~™ denotes the set of vertices which are in fact part of an incoming boundary cycles, we have 
a map 

vi™ — > v 

r 

which sends an incoming vertex s(Bi) of V to the vertex s(Ak-i). The admissible fat graph 
structure on TjfT is determined by the fact that it's incoming boundary cycles are simply the 
incoming boundary cycles of T and it's other boundary cycles are obtained from the other 
boundary cycles of T by replacing the Bt by Ak-i- 

Lemma 3. The inclusion 

Gsi ,s 2 — > -T^fi x F at t 2 

induces a homotopy equivalence and the functor 4t realizes to the gluing of surfaces. 

Proof. We can assume that S2 has at least one incoming boundary circle since otherwise there 
are no restrictions. 

We will consider the functor 

V:Gs u s 2 — > [Fatl,)* 1 x (^< 2 )^ 2 

from the category of gluable admissible fat graphs to the category of pairs of fat graphs with 
no bivalent vertices. The functor M/ sends a pair (V,V) to the pair ("SffF) , >F[r) ) where M/(F) 
is obtained from P by removing all bivalent vertices and joining edges that are separated by 
bivalent vertices. A morphism ^(cp,^) will collapse an edge A of W{T) only when cp collapses 
every edge of V that is part of A. We will show that the functor W realizes to a homotopy 
equivalence and hence that (Js, ,s 2 has the right homotopy type. 
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Fix a pair of fat graphs (To, To) in [Fats, x (-^ a ^s 2 )^ 2 - We wm P rove that the category 
C — W/[Vo,Vo) is contractiblc. An object in C is a pair of fat graphs [V, V) with morphisms 

cp :^(D — ^ To $:¥(f)— >f . 

Such an object is determined by the following information. We have a pair ¥(F)) of fat 

graphs with no bivalent vertex. We also have a way of adding bivalent vertices to get F and F 
so that the outgoing boundary of F is identified to the incoming boundary of F. 

Say u3| is an incoming boundary circle of V and let 0(u3t) be its corresponding boundary 
cycle in O(T). Then oh is a subdivision of <5(a>i) and corresponds to a boundary cycle a>j 
of F. The extra bivalent vertices in oh are of two types. We will call these bivalent vertices 
superfluous if they correspond to bivalent vertices in V as well. The other bivalent vertices will 
be called necessary. 

We will first get rid of all superfluous bivalent vertices one boundary cycle at a time. Note 
that u3t is an oriented circles. Using this we get two functors 

F, G : C — ► C. 

The functor F adds an edge right after each necessary vertex in u3t. The functor G replaces the 
edges between two necessary vertex by a single edge. There are two natural transformations 

Idc <^= F =^> G ■ 

The first one collapses the newly added edge while the second collapses all other edges. 

We will then move all the bivalent vertices to the first edge of each u3t present in V. Moving 
these subdivision is strangely complicated at the category level. However it becomes child's play 
when we consider metric fat graphs. With this in mind, we will briefly construct the simplicial 
space of metric fat graphs and relate it to our model. 

A admissible metric fat graph is a pair (r,A) where F is an adimissble fat graph and 

A:E r — >R^° 

assigns a length to each edge. We ask that any cycle of F has positive length, that 

eeE r 

and that fat graph 

r 

{e A(e)=0} 

obtained by collapsing all edges of length zero still be an admissible fat graph. For a fixed V, 
the allowable A's form a subset Dp of the simplex A Er . We build a space of admissible metric 
fat graphs by taking 

where we identify two (F, A) and (F, A) if and only if there is an isomorphism 

cp:r/{e A(e) =0}^f/{eA(e) =0}, 

so that 

A(e)=A((p(e)). 

Note that since we have removed part of A Er , the space M,Tat a is not a simplicial space. 
However, if we first take the simplicial subdivision of M.Tat a and then keep only the subdivided 
simplices which are complete, we get a homotopy equivalent subspace 

MJht a c MTat a . 
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See [8] for a proof that for any ideal simplicial space S, the inclusion 

S — )S 

is a deformation retract. 

A simplex of MJ-at a corresponds exactly to a simplex 

r -> > r n 

in the nerve of the category Tat a . In fact, there is an inclusion 

\i : \Tat\ — ) MTat 

hitting exactly M.J-at. This inclusion sends a point 

(Y <E£4 . . . r m o < t, < ••• < t„. < 1) e \m a \ 

to the metric fat graph (To, A) where we take A to be the normalized version of 

{1 (Po,n(e) := cp ,i • ■ ■ cpn-i.n(e) e Er n 
tk+i (Po,k(e) G E rk «Po,k+i (e) G V r]c+ , . 
ti cp ,i(e)eV r , 

Now in the metric fat graphs setting, we take 

MQ s ,,s 1 c MFats, x M.Tat% z 

to contain the pairs mF, A), (T,A)^ where the corresponding boundary cycles of T and F have 

the same number of edges and each on of these edge has the same length as its corresponding 
one. Now, by the preceding argument 

\Gs„s 2 \<— =>A4gsTs2 " *-MQsi,s 2 



\{Tatiy \x\(Tatl i y M f 2 x M (Tat^f 2 ~ * M f X M {Tat 

It therefore suffices to prove that the map 

MW:MQs u s 2 — > M (Tat^)^ 2 x M(^aif 2 )' 42 

is a homotopy equivalence. 

Now in this setup, we consider can move the bivalent vertices continuously to the desired 
edge. Finally we can now collapse in the subdivided world what is collapsed by cp and cp. □ 

2.5 A combinatorial cobordism category 

We can use this partially defined gluing to get a combinatorial version of a cobordism category. 
This is the category that Tillmann used in pj)] to show that the stable mapping class group has 
the homology of an infinite loop space. 

Consider the following partial 2-category Cobor^ 0,1 . The objects of Cobor^ are isomorphism 
classes of open-closed 1-manifolds. The morphism between any two such P and Q is the category 

FatpQ = U[ S ]Tats 

of admissible fat graphs T which represents a cobordism S between P and Q . 

The composition in Cobor^ 0,1 is the gluing of admissible fat graphs described in the previous 
section. In particular, it only partially defined. 
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3 Construction of the Thom-Pontryagin collapse 



In this section we start the construction of the string operations using the model J-at a of the 
previous section. For each open-closed cobordism S, we will construct a map of spectra 

£ oo M a,„s x BMod « (S ) — > Thom[K S ) (4) 
Here Ks is a virtual bundle over a space homotopy equivalent to 

EDiff + (S;3 m SII9 out S) x Map(S;M]. 

Diff+(S) 

We will start constructing ([J) over the objects of J-at a . In section 13.11 we will build 
homotopically-trivial spaces Tub{T) which parameterize maps of spectra 

I°°M a "' r — ) Thom[Kr). 

Here Kr is a virtual bundle above the space Map(T,M). We will then construct the map ([4]) 
over the simplices of Tat a . More precisely, for each simplex 

a = r n -» > r 

of J-at a , we will built in section [3~31 a space Tub(a) whose points parameterize compatible maps 
of spectra for each of the IVs. We will then show how to include these choices in our model 
!Fat a without changing its homotopy type in section T3. 41 Finally we will construct the map of 
(JU) in section l3~6l 

In section |4] and [5] we will discuss orientability, Thorn isomorphism and gluing of the opera- 
tions. 

Remark 5. This section is heavy on homotopy limits and colimits. For the uninitiated, we 
recommend [I] as a reference. Also, the construction of the spaces T a (o ) and Tub(o) are quite 
technical and should probably be skipped on a first reading of this section. The results of 
proposition [5] are sufficient for the construction of the desired generalized Thorn collapse. 

3.1 Thom-Pontryagin collapse for one admissible fat graph. 

Let F be an admissible fat graph. In this section, we will define a contractible family of gener- 
alized Thorn collapses 

M 3 "' r xW r — > Thom(Kr) (5) 

Here Kr is a virtual bundle above M r , Wr is a Euclidean space and di n V is the subgraph of P 
which consists of only the incoming closed circles and the incoming open leaves. Each of the 
maps of (O gives a map of spectra 

I°°M 3 ™ r — > Thom((K r ,W r x M r )) 

between the suspension spectrum of M 3 "' r and the Thorn spectra of the virtual bundle 

Kr - (W r x M r ) — > M r . 

We first need to fix some notation. Let Vj n , rL„ and Ej n be the vertices, half-edges and 
edges that are part of the incoming boundary circles or are the incoming leaves of F. Let eV, 
eH and eE be the remaining (extra) vertices, half-edges and edges. Let T dlv be the fat graph 
obtained from T by forgetting the attachment of the extra-edges to their endpoints and adding 
a vertex at the middle of each extra edge. Let 

p ro : M r — > M 3 "' r x PM eE x M eV 
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be the embedding induced by the map of graphs F dlv — > V which reattach the extra-edges. 
Fix an embedding f : M — > W of M into an Euclidean space W = K k and denote its normal 
bundle by y. Note that as virtual bundles y = (W x M,TM). 
We will denote by Kr the pull-back bundle of 

Kr ^ TM eH x -v eVIIeE 



M r s» M eH x JVieVUeE^ 

Here the bottom arrow sends a map y : T — > M to its value at each vertex in eV, at the source 
of every extra half-edge and at the middle point of each extra edge. 

We are ready to construct the space parameterizing the maps (0 . Consider the diagram 

M r M 3,„r x pM eE x M eV M d„,,r x M eEUeV ^ M 3,„r x W eEIIeV_ 

est 

(6) 

where the map est includes M eE into PM eE as the constant paths. We want to take the 
composition of a Thorn collapse of Id x f eEUeV with est and then with a Thorn collapse for the 
embedding p^ . Of course there are many choices involved in defining the two Thorn collapses. 
In the next proposition we narrow these choices down to a contractible family T(P). To construct 
T(T), we will need the following concept of a propagating flow to lift tubular neighborhoods of 
a finite dimensional embedding pa n to the infinite embedding . 

Definition 2. A propagating flow for a bundle A is a function 

Q:A — > X^{X) 

from A to the space X£ of compactly supported vertical vector fields in A so that 



x z = tx te [0,1] 
x = 0. 



Denote the space of such propagating flows by 'P(A). 

Note that if we start at the zero vector in the same fiber as x and flow according to Q x for 
time 1, we end up at x. 

Proposition 4. There is a contractible space T{T) and a map 

T(H x M s » r x W eEUeV — > Thom(Kr). 

Proof. We define T(F) as the following product of spaces. We first include a choice of a tubular 
neighborhood 

for 

_j:eEUeV . jy^eEUeV yyeEUeV 

which gives one for the right-most map of ([6]) . We then pick a tubular neighborhood 

^fin : Ann — > M v ™ x M eH x M eV 

for the restriction pft n of p^ to the vertices of T dlv . We also pick a propagating flow for the 
normal bundle Att n of Pft n . Finally we pick a connection V on the bundle 

^eEIIeV , jy^eEUeV 
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Let C(~v eEUeV ) be the space of such connections. Hence we let 

T(D = Tub(r EUeV ) x r«6(pf ln ) x P(\ Hn ) x C(T eEUeV ). 

Here Tub {A — > B) is the space of tubular neighborhood of the embedding A — > B as defined 
in the appendix |XJ By proposition [31] of the appendix, the first two spaces involved in the 
construction of T{Y) are contractible. The last two spaces are convex and hence it suffices to 
show that PfAfin.) is not empty. This will be proved in lemma [5l 

Fix an element in L, = ((p,iK CI, V) in T[V). Lets now construct the Thorn collapse associated 
to The tubular neighborhood cp induces a Thorn collapse 



M a„r x w eEnev — ) Thom(M 



3, n r x ^eEIIeV. 



in a continuous way. We then consider the inclusion est of M into PM and the evaluation evj /i 
of a path at its half-way point to get maps of bundles 



• 'Vpm = ev* /2 y . 



PM- 



ev, /2 



M 



Since est is a map of bundle between ~v and "VpMi it defines a map of Thorn spaces 



Thorn (M 



o r ^EiieV) . lllom(M <) i 



x "VPM x v 



cV 



We now have 



M 



3,„r 



x W 



eEUeV 



Thorn (M 



3 in r „,eE 



We then use i\) and Q to construct a diffeomorphism 

^oo : A m -i> evf^ [Image (i|>)) C M a "' r x PM eE x M eV 

and hence a tubular neighborhood for p,^ . Using ij> we send the vector fields of CI to vector fields 
on /mage (ib) C M. x M eH x -Vp^ x -v eE . Since these vector fields are compactly supported, 
we can then extend them to 



Z:A 



fin 



■ X c ( M v,n x M eH x 



Now for any element a € Vj n H eH H eV we have a replacement function 



rep a : (M 



V,„IIeHIIeV\ 



x M 



M 



V in UeHUeV 



which sends ((mb),m) to the element obtained by replacing m a by m. Mixing this with Z, we 
get 

( M V,„IIeHIIeV) x M r ^L^ ( M V in neHneV) ^L^-^v^UeHUeV-^JM 



Note that Pfi n fits in the following pull-back diagram. 



M' 



M s,„ x pjvi eE x M 



ieV 



Pi i 



M V,„ x M eH x M 



eV 



Hence the normal bundle of Poo is the pullback 
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Lets construct the tubular neighborhood 

U'oo : ^oo * M 3 » r x yf^ x -v eV = M r " v . 

Take an element 

(y.r — » M, x) x e A fin | eVr(Y) 
of Aqo . We let the tubular neighborhood ibfi. n determine the value of iL>oo on the vertices of F dlv . 

^oo(Y>x)(v) =^fin(ev(y),x)(v) 

Here is a convoluted way of picturing this. Let cr t e M Vm x M eH x -v eE x v eV be the flow 
which starts at ev[y) and follows the Z x . The path a t is the unique solution to the ODE 

do = ev(-y) 

^a t = Zx(at) 

Note that by our choice of CI, this do is a path that ends at *|>fin(ev(Y)> x). We have therefore 

^oo (Y,X)(V) = (Tl (v) 

for any vertex v £ V II eH. 

We will use a similar ODE to pick the value of il>oo on edges. Pick any edge e of r dxv . Say 
the vertices of e are vq, Vi G V II eH. We already know that these end points Vo and Vi will 
follow the flow Z x . The path between these two values will follow a slight variant of the flow 
Z x . More precisely, let Ot(s, e) be the unique solution to the following ODE. 

ff (s,e) = Y(s,e) 
^ot(s.e) = (1-s)Z^((a t (v)),a t ( S) e)) + sZ^ ((a t (v)), a t (s, e)) 

We now define 

al)oo (Y,x)(e,s) = ffi(e,s). 
Note that when s = 0, the ODE becomes 

M0,e) = Y(0,e)=Y(vo) 
^o-t(O.e) = Z x °((a t (v)),<T t (0,e)) 

which is satisfied by a t (0, e) = ff t (vo). A similar argument shows works for s = 1 and hence we 
have indeed defined a map 

ndiv 

^oo : Aoo — » M 
Tthis function gives a homeomorphism 

— > ev (Imaged fin )). 

Fx any in ev -1 (Image(^\>nn))- Let x be the unique element of Aft n with 

^fin(x) = ev(9). 

Since we have an x, we have both the starting value at the vertices and the vector field Z x . We 
also get the value of cr t (v) by flowing along the Z x . Hence we can set up the "inverse ODE" 

ffi(s,e) = 8(s,e) 
^t(s,e) = (1-s)Z x °((at(v)),a t (s ) e)) + sZ x M(a t (v)) ) a t (s > e)) 
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to construct a and y(s,e) = (Jo(s,e). By construction, this {y,x) is the unique point in Aoo 
which lands on 0. 

Finally we use the parallel transport associated to the connection V on -y eEIIeV to construct 



tl> : Kr — > M 9 "' r x -v|^ x v eV . 



□ 



v u = tv te[0,1] 
v = 0. 



Lemma 5. Any bundle has a propagating flow. Hence the space 'P('v) of propagating flows is 
contractible. 

Proof. These ideas are largely based on [T3]. We include them for completeness. Lets first 
consider the case of a bundle M. n over a single point. In this case, we need to construct a smooth 
map 

Z:M n — > X c (R n ) 
which sends v to a compactly supported vector field Z v so that 

Z v (u) 

Pick a smooth bump function 

p : R 2 — > R 

so that 

[1 M<1 

p(x,y) = 11 |x| < \y\ 

[O M»>|-y| 

and let 

Z v (u)=p(||u|| 2 ,||v|| 2 )v. 

By construction Z v is a propagating flow. 
Now lets consider a trivial bundle 

R n x E k — > M k 
over some Euclidean space. Pick an other smooth bump function 

cr:IR — > K 



with 



We define a propagating flow 



ax 



1 |x|<1 
|x| > 2 



by setting 



x R k — > ^(R 11 x R k ) 



2\7 (., \ r- t ran ^- T ran- ra^ 



Y (v n ,v k )(u n ,u k ) = a(||u k -v k |r)Z Vn (iin) G T Un JR n C T, 



x 



where Z was constructed above when we considered the fibre — ) u k - 

Finally lets attack the general case. Pick a bundle -v above a smooth manifold N. Let {U a } 
be a covering of N by coordinate patches which trivializes "v. Hence we have 

^lu a R n x U« R n x R k 
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Pick a squared partition of unity {£«} subordinate to the U a . Define 

X:v^ X c {y) 

by setting 

X x (y) =^Ca(x)Cp(y)Y x a (y) 

a 

where Y a is the propagating flow obtained above for 

v| u » =R n x M k . 



□ 



3.2 Thickening of Tat a to Tat^ which includes information for compar- 
ing Euclidean spaces 

We now want to construct these string operations over families of admissible fat graphs. The 
operations constructed in the previous section use a different Euclidean space Wr = W eEUeV 
for each admissible fat graph. To compare the operations, we need to be able to compare 
these Euclidean spaces. In this section, we thicken the category Tat a to a homotopy equivalent 
category Tat^ which includes comparisons between the Euclidean spaces. 
We let Tat^ be the category whose objects 

Object jr at a = Object j^ta 

are again admissible open-closed fat graphs. The space of morphisms between two admissible 
fat graphs F and F is 

Morphism yr at a {Y ', F) = J] Split [<p) 

(p:f-sr 

where cp is a morphism of Tat a between T and F. The space Split{<p), contains for every extra 
vertex v of F a splitting (a v , |3 V ) of the short exact sequence 




where eE v contains the extra edges of T which are collapsed to v by cp and eV v contains the 
extra vertices of F which are sent to v by cp. Note that these splittings give a splitting (a, (3) of 

UjeVIIeE 

ncVEeE , TO eVLIeE , ^ 

' ^ ' ^ 1/TT T- 

j^eVIIeE 

and an isomorphism 

The composition of two composable morphism 

(cpi : r, -> r ,(ai,Pi)) • (<p 2 : F 2 -> H , (a 2) |3 2 )) 

is gotten by composing the morphisms in Tat a and by composing the |3 v 's. Note that <x v is 
completely determined by |3 V and vice versa. 

Lemma 6. The geometric realization of the forgetful functor 

\f : Tat^ — > Tat a 

is a homotopy equivalence. 
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Proof. Each space Split ((p) is a convex non-empty set and hence it is contractible. Above a 
simplex 

<j = i r n — > • • • — > r 1 

in the nerve of Tat a , we have simplices 

MT 1 (cr) = Split{<p n ) x • • • x fifp/i^cp! ) 

which is again contractible. Using this contractibility and obstruction theory, we can define a 
section 

O : \Tat a \ — > \Tat°\ 

and homotopies between the composition CI ■ W and the identity. □ 

3.3 Choices involved in the construction of the operations over sim- 
plices 

In this section we thicken our model further to include the spaces of choices T(V) which appear 
in section [37X1 We will first construct for each simplex cr of Tat^ a contractible space Tub {a). 
Each point in that space will include a compatible choice of operations for each admissible graph 
Vi in cr. To be able to twist these choices in our model, we make sure these spaces are functorial 
with regards to inclusion of simplices. 

Let MTat\ denote the category of simplices of Tat^ under coinclusion. More prescisely, for 
any pair of simplices 

cr = (r n -> • 

the morphisms 

Mor^ raU (a, cr) 

Let Top' be the category of functors to Top. The objects of Top ? are pairs (C, F) where C is a 
small category and F : C — ) Top is a functor. A morphism 

(J,9}:(C,F}— >(2?,G) 

is a functor J : C — > T> with a natural transformation 

: G • J => F. 

Finally for any simplex cr = P n — > • • • To of Fat, let Afo be the category of subsimplices of cr 
under coinclusion. Note that A/"cr is naturally isomorphic to the category A n . 
In this section, we construct a functor 

T :AfTah — > Top'. 

For any simplex cr of Tat-\ , the functor 

— > Top 

maps from the category of subsimplices of a to the category of topological spaces. It sends a 
subsimplex 

cr = (r ik -> — > r io ) 



-> r ) 



= r\ 



:{0<_ 



i < • • • < ik < n H 
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of ff to a space T a {cJo) wich picks compatible generalized Thom-Pontryagin collapses for the 
diagram 



M r > jvL3,„r x p^eEo x M ev„ ^ jvi 9 » r ° x M eE ° UeV ° => M 3 "' r ° x W ri (7) 





M 3 m r x pM eE « x M eE<Po,UeVl -^M 3 - r ° x M eE,UeA 



M a, " El x PM eEl x M eVl M 3, » ri x M eElUeVl => M dinh x W Fi 





M a -" r ' x PM eE| x M eE,p,2UeV2 -^M 3 '" ri x M eE2UeV2 



M Fi o => M Ei o x PM eEi ° x M eVi o < M 3 "' ri o x M eEi ° UeVi ° => M 3 » ri o x Wr u 



The value of T and T a on morphisms will ensure compatibility when passing from one simplex 
to a subsimplex. 



Proposition 7. There is a functor 



T : MTaU — > Top 1 



which sends a simplex a to a functor 



Tcr-.Afo — > Top. 



This functor T has the following properties. 

1. For any subsimplex (Jo = ( r\ k — > • • • — > r\ ) of a, a point xq in T a (c?o) determines compat- 
ible operations 

M a„,r x w ^ _ Thom{K r | M r ) (8) 



M 3 " ri o X Wr 



Thom[Kv l 



k'M '0 



for the rows of ([7]). 
2. For any inclusion of subsimplices of cr 



0"! 



(ri jm ^---^r i)o )c(To = (r ik ^-..^r io ; 



we have a functor 



%{q) ■■T a [(T- [ ) -^T a (o ) 
which is compatible with the operations. 
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3. For any inclusion 

h : 5 = (r ik -» ► r io ) c cr = (r n -» > r ) 

0/ simplices of T at 1 , £/ie functor T sends In to a pair (I, 0) where 

I : TVcr — > TVcr 

is i/ie natural inclusion of subsimplices of cr as subsimplices of cr and where the natural 
trans fo rm ation 

9 : % • I =4> T 5 

respects the operations of (|8j). 
^. 77ie spaces T a (do) are contractible. 

Lets make the compatibility with the operations more precise. Property[2]of the last theorem 
means that for any point y in To- ( <To ) and x = T a ( g ) [y ) , the following diagram commutes for 
r < i 



M 3.»r r x w 



Wr 



M-u.rXld / W r , 



M S, " rT X Wr 



Thorn (Kr- 



M 1 



Here the vertical maps are obtained by using the splitting of the composition cpi k i jm '■ Ti k — > n. jr 
in J-'atf. In property^ compatibility with the operations means that for any subsimplex 

CT i = ( r i im > r h 

of a and for any x G T a (ai ) and y = 9(x) G Tg, the two operations 



M 3 - r w xW Etl i» DeVi i. 



Thorn ( Kr t . 



M 



are equal for any r < jo. 

Choices for l~\ . Say we have a simple cr and a subsimplex ao 

^ •••^%r ) o- = (r ik ^...^r io ) 

We will construct here the part of T a ((Jo) that gives the operation for 1~\ associated to the 
diagram 

M r i0 M r ifl x p M eE l0 x M eV i0 M 3„r i0 x M eE i0 UeV i0 =^ M d '" Ti o X Wp^. (9) 

Later on, we will describe the part of T a (cro) which contains the data necessary to lift these 
choices to similar choices for rt _i , ... ,To. 

We include in To-(cro) a tubular neighborhood cpv,i for the map 



M Vi ° >M V «° xW( eEi " neVt ^^ El o, 



(10) 
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We assume that cpv,i sits above the identity in M. <« . We also pick tubular neighborhoods 
cp e E,T and cp e E,o for the embeddings 

M eE<PT — > W eE <^ r<i (11) 
M eE — > w eEo . (12) 

Recall that eEcp r is the set of extra edges collapsed by <p T . These tubular neighborhoods deter- 
mine a tubular neighborhood for the last embedding of ©. 

We also pick a tubular neighborhood <p p ,i for the diagonal arrow in 




which is a twisted finite dimensional version of the first embedding of ([9]). We again ask that 
these sit atop the identity ma in M Vi o . We pick a propagating O p> t flow for the normal bundle 
of this diagronal arrow. These choices determine a tubular neighborhood for the diagonal arrow 



PM eE '» 



M 3 '" r ° x M eVi o x PM eEi «. 



We finally pick a connection V T for y eE ' Pr . 

Not all such choices will be permitted as some will not lift to operations for the other 
admissible fat graphs To, . . .r\ _-|. We will add restrictions on these choices at a later point. 
But we first need to fix the information that we need to set up to potential liftings. 

As in section ETTl these choices define an operation 

M ri ° x W eEkUeVk — > Thorn ^KiJ M r io ) 
where Ki k is the bundle of section 13.11 which is the pullback of the following diagram 

Ki k ^ TM eHi k x -v eVi k UeEi k 



which we restrict along 



□ 



Choices to lift. For each r < io , consider the diagram 
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To be able to lift a tubular neighborhood from the diagonal arrow to the top arrow, we pick 
tubular neighborhoods ib T for the embedding 



M 



v, 



T ( M v "' x w( eEi k UeVi ^ XeEr 



T(M V ™ x M eV r+' x M eE(PT 



(15) 



of M Vt into the normal bundle of the diagonal map. We again ask that it lies above the identity 
on M Vt . Finally we chose a propagating flow Cl Vr for each -v eEiPr . Together these will allow 
us to carry the choices for r\ up the simplex under two types of restrictions. □ 

Lifting of the choices and restrictions.. Lets now lift the choices for r\ to similar choices for 
each T T for r < io. Pick an x in T a [ao). Lets assume by induction that we have already 
constructed a tubular neighborhood cpv,r+i for 

M v r + , — >M v "+i x vv (eEi k UeVi k )XeE *-+' , 

which lives above the identity on M Vr +i . Lets built a tubular neighborhood cpv.r for 



M 



M 



vr 



W (eEi k UeV ik )\eE^ 



We consider the diagram 



M eV TH 



> M v "' x w( eEi k UeVi K)\ eEi '+ l 



(16) 



>M V r+> X 



w (eE ik UeV ik )\eE r , 



Since the tubular neighborhood cpv,r+i lives above the identity on M v "'+i : it lifts to a tubular 
neighborhood for the top map. We can then use the tubular neighborhood il>eE,r for 



M 



cE' 1 



eE«> T 



to get a tubular neighborhood for the diagonal arrow in the diagram of (| 14[> . Since the map 
of (|15p is the inclusion of the top entry into the normal bundle of the bottom embedding in 
diagram (fJH) , we can compose the a tubular neighborhood ij> r for (Tl3)) with the one we have 
just constructed for the bottom map to get a tubular neighborhood for 

M Vt — > M v "' x W (eEi x UeVi x | \ eE '' 

as desired. So far there are no restrictions. 

We will apply a similar reasoning to construct a tubular neighborhood <p Pl r for 



M 



V r 



T (M v "' x w( eE ^ UeVi x)\ eE '') 



TM V r 



x M 



cH, 



(17) 



Since the diagram 



M 



Vr 



^M v 'r x M eHr x M eEVrUeV ^ 



> M v ' + ' x M 6Ht+1 
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is a pull-back then so is 



T M V r xW 



TM v v 



x M eHr x M eE " T 



(18) 



M v ™ neV r + i 



TM v r + i 



M eHr + 1 . 



Lets assume that we have, by induction, a tubular neighborhood cp p , r +i for the bottom map. We 
need assume that this tubular neighborhood restricts to a tubular neighborhood of the top map. 
This is the first restriction that we put on the points of T a {<Jo). We extend this neighborhood 
to one for 



YM v ™xw( eEi * neVi J XeE -+OI 

V / ImVt 



TM V ' 



M eH ' 



,eE" 



M v i ntV '+i 

by using the connection on -v eECPT . We now consider the diagram 
M v - ; >■ M v - x M eHT 



TM Vr 



(19) 



M eHr 



x -v 



eE" 



M v ™ ncV r+i 



We have just constructed a tubular neighborhood for the bottom map. By crossing the tubular 
neighborhood il> r of (fl5|) with the identity of M eH , we get a tubular neighborhood for the 
vertical map. We restrict our choices so that these tubular neighborhood induce one for the 
inclusion of M Vt into the normal bundle of the vertical map. This is a second and last restriction 
on the points of T a (<Jo). Note that this restriction only asks that the tubular neighborhood of 
the diagonal map be small enough to sit inside the tubular neighborhood of the vertical one. 

We now construct for each r a propagating flow £l pT for the normal bundle of (fT7|) . Lets 
assume by induction that we have chosen one PjT+ i for r + 1. Then we consider again the 
pullback square of (|18[) . The propagating flow O p r+ i for the normal bundle of its bottom map 
restricts to one for the normal bundle of its top map by 



top 



bottom ) 



top ) 



where the last map restricts the vector fields to the appropriate fibres. Hence we get a propa- 
gating flow for the normal bundle of 



M 



Vr 



TM V ' 



M eE*r x MeHr 



M 



We extend this propagating flow to one for the normal bundle of 

T(M v "'xw( eE ^ n ^J XeE ^' 
M V ^ — TM^ 



v eE * T x M eHr 
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by adding the propagating flow D. Vr for y eEVr that is part of x. Finally, we consider the pullback 
diagram 



T ( M t xWl 't 'i 



TM V ' 



(^ ik U e V ik )\eE r+ , 



x -v eE<Pr x M eHr 



TM V ' 



x W eE<PT x M eHr 



M V "" tV r+l 

where the vertical map uses the tubular neighborhood for 



M 



w 



We have constructed a propagating flow for the bottom map and we lift this propagating to get 
a propagating flow PiT for the normal bundle of the top map. □ 

Proof of the first property. . For any point x in T a ( ao ) , we have shown how to lift the choices 
for r\ to choices for any F r with r < 1q. We therefore get operations 



M a '" rr x W eEi k UeVi K 



Thorn 



for each such r. We will prove that the each diagram 



M 8 - r ' x W eEi k UeVi k 



IVl 9 "^ 1 x W eEi k UeVi k 

commutes. 

For this purpose, we will consider the diagram 



> M s - r ' x PM eEl - x M eV - 




M 3»r T x p M eE r x M eE*'UeV r+ , 



M r r + 1 =^ M 9»r r+ , x p]VieE r + 1 x M eV r+ , 



Thorn ( Kr\ 



M 1 



Thorn 



V lk M r r+1 / 



IV/|eE,.LIeV r 



JVt r x M 



(20) 



=> M 9 » r - x W r . 

1 1 k 




M 9 '" rT X JVl eE r+l UeV r+l 



^3,„r r + 1 x M eE T + 1 UeV r+ , > )y|9,„r T + 1 x VV r . 

(21) 



We already have tubular neighborhoods for the double arrows in the top and the bottom rows. 
From the choices already made, we will construct tubular neighborhood for all other double 
arrows in this diagram. These already appeared secretely in our construction of the liftings. 
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Lets first consider the right-most part of this diagram and its finite dimensional equivalent 



(B) 



M V "+i X jy|eE T+ iUeV r -| 



(C) 



> M v - x Wn 



(22) 




> M v r+i x W r . . 

1 1 k 



Lets construct the tubular neighborhood for (A) explicitly. The diagram 
M v ™ x M eV -+' > M v "' x w( eEi ic IIeVt k)\ eE ''+ 1 



M v "'+i x w( eEi k UeVi k^ eET+ ' 



already appeared in diagram (fTfj)) of page [2U We have already shown that our choice of a 
tubular neighborhood (pv,r+i for the bottom row gives a tubular neighborhood <pv, r +i for the 
top row. We get a tubular neighborhood t|>a = <Pv,r+i x ^eE.r for arrow (A) by taking the 
product of this tubular neighborhood and of the chosen tubular neighborhood for the 



M eE<Ps — » W 
This choice for (A) gives a commutative diagram 



M v ™ x W eEi K UeV ^ 



/Mn-xTW 1 *^ 11 ^^^'! v 

Thorn _,„,„ Im r+1 x-v eEl - +1 



M v "Vi x W eEi k UeVi i< 



77ic 



M 1 



M v r xTM"'ti 



i x TVv" l k 



r+L x T eE r+ , _ 



M ' + 1 xTM ev T + i 



We now consider the triangle of diagram (f2"2"| . As part of 7^ ( oo ) , we have already chosen a 
tubular neighborhood rj> r for the embedding 



M 



V r 



't(m v "' x w( eEi k UeVi >J XeET 
T (M v r" x M eV -+' x M eE(PT 



M v ™ xM eV r+i xM eEipT 

of (fT5|) . We define a tubular neighborhood for the twisted version 

't(m v '" x w( eEi k UeVi ^ XeE ^ 



B : M Vr x M eE >- 



T(M V " x M eV -+' x M eE<PTN 



,eE r 



M v f"xM eV r+i xM eE<PT 



of (B) by i|) T x Id v eE r . Since we have used i|) T to construct cpv, r , we get compatible choices for 
the diagram 

(C) 

M v r x M eE - UeV - > M v - x W eEi k UeVi k 

(B) 




M v ™ x M eEr + lLTeVr +' . 
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We can lift the choices for (A) and (B) by using the fact that these tubular neighborhoods live 
above the identity on M Vr . Since this is what we have done to get the original operations, our 
tubular neighborhoods are compatible for this part of (j!?Tj) . 
Lets now consider the middle part of the diagram 



M 



3,„r r 



x PM eEr x M eVr 

(D) 



M 3.nT r x p M eE r x M eE*-UeV TH 



M a, " rr X M eErUeVr 



M 9 " 1 ^ x M eEr + ,UeV " 



M 8 » rr +' X PM eEr+I X M eVt + 1 "< M 8 '" r ' +I X MeE T + 1 UeV T+ , _ 

We have already picked a tubular neighborhood for the twisted version B of B. We construct a 
tubular neighborhood x|) r x Id. t E r for the twisted version of (D) similarly. These choices give a 
commutative diagram 

Thorn f M 9 "^ x vfi* x >- - Thorn M 9 "^ x TMe v TX T k M ^ 



Thorn M 9 '"^ x-vll 



PM 



Thorn I M. a '" rT+1 x "Vp^' x 



T (w |eE ^ neV ^ ,XeE ') 

T(M eV T + i neE<t,r ) 



Thorn M 3 "' r ' 



TM"'ti 



TTiom | M v "+i x 



TW r . 
'k 

TT M eV r+l UeE T + l 



T(w UE ^ neVi ic ) ) 

TM tV r+l ntE r + l 



We are now left to study the left-most part of the diagram. 

M r r > M 9 » r - x PM eEr x M eV ' 




M 3 m r r x P jvi eE - x M eE<PTUeV -+' 



M r T + 1 > M 3, n r r + 1 x pMeE T + , x M e\ 



We already have chosen a tubular neighborhood for every double arrow except (E). We construct 
a tubular neighborhood for (E) by first considering the pull-back diagram 



1VT 



T M r xW 



TJVP 



M eH T x M eE*>r 



M v >-+' 



TM V r+l 



m r + ' x j^eH rH 



which has already appeared in (fT5)) . The first restriction ensured that the choice of a tubular 
neighborhood for the bottom arrow restricts to one for the top arrow. We have also constructed 
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a propagating flow for the tubular neighborhood of the top map. Just as before, we extend this 
tubular neighborhood to one for 



T (M v r xW (^ UeV ^) XeE ^)| 



TM V ' 



x M eHr x v eE * 



by using the connection on -v eE<P . We also extend the propagating flow for 
T (]W V ™ x w( eEi k UeVi iJ XeEr+1 



1VT 



to one for 



TM Vr 



x M eHT x M eE 



M v»n e v r + 1 



T (lU v " x w( eEi K UeVi ^ XeET+1 ) 



M v f" 



TM Vr 



x M eHr x v e 



by using the propagating flow for ~v eE ? . Using this tubular neighborhood and this propagating 
flow, we can define a tubular neighborhood for (E) in the usual way. 

By construction the tubular neighborhood on the finite diagram are compatible. Note that 
the propagating flows move constant paths to constant paths following the vertices. In particular, 
we get a commutative diagram 



Thorn K Fi 



T / w(e E ik nev ik )\ e E r x 
Thorn | M 3 » r ' x v^ x , 



Thorn I Kr ik 



Thorn M 9 » r '+' x^ E I + 1 x 



T (w |eE ' t ncVi k neE '+ l ) 



Finally, by our choice of tubular neighborhood for the twisted version of 

M Et — > M 3 '" rr x PM eEr x M eVr 
we also get a commutative diagram 

Thorn ^r ik r J ^ Thorn (M 9 - r * x ^e, x J, __ )_j 



-(w (eEi k neVi k )XeET ) 



Thorn I M 9 - r - x x T(M , Vr+ , neE , r 



This completes the proof of property 1 . 



□ 
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The value of T a on morphisms and property 2. Say we have a morphism 

— > ff = (r ik -> . .. -> r io 



o-i = {^ m ->---->r l) 

of jVcr. We will define a continuous map 

which respects the operations. Let x be an element of T a {a-\). This element picks choices for 



M >o — M 'ox PM. 'o x M 'o 



n^SinTi. ,.eEi. UeVi. 

M '0 x M. 'o > 



M 3 "' ri io xWn 



(23) 

and the information necessary to lift these choices up to choices for r T with r < ij . 

In the construction of T a ( cri ) we have shown how to get expand the choices for the bottom 
row to similar choices for the other rows. Since io < ij , x determines the necessary tubular 
neighborhood and propagating flows for 



M r 



We also have the necessary "going up" information since any r less than io is also less than ij c 
In particular, we have a continuous map 



To get a point in To-(o"o), we simply have to change our Euclidean space from Wr t . to 

1 m 

Wfv ■ As part of the composition 



we get a splitting 



1 k 1 1 

Using this splitting, we can transform 



<Pi k i im : r t k -» r t k -i -» > r w 

w eE ik UeV ik 



w 



eEi. UeVi. 



M ri o — M 3 - ri o X PM eEi » x M eVi ° ^ M a -" ri o X M eEi ° UeVi o 



M 3mri o x W eEi k UeVi k 



-xO 



x FE UeV. 

W l 'm 



and similarly for all other lines in the diagram ([23]) . We can extend all of the choices by using 
the identity on the extra 

w eE ik IIeV ik 



w/eEt. UeVi. 
W Jm )t 



term. This gives the map 

and for any r < io a commutative diagram 

eEi. UeV,. W eEi k neVi k M-x,rXld 



M a »' r - x W 



' m x ST" UeV. 

W Mm 



Thorn 



( K rv Im^ 

\ 1 m 



w «E tfc ii.v t 

X eTT" UeV. 



W im l im 



M a "' rr x W eEi k UeVi k 



Mu, 



Thom(K V | M r r ). 



□ 
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Construction of the natural transformations. Say we have a morphism g in MTat 

•■■->r ). 



g : &= (r ik -> •••r io ) C a= {T n 



The morphism 



T(g) = (A/"g, 0) : (A/"ct,T & ) — > (A^T,) 
of 7bp ? is composed of the natural inclusion 

TVg : Na — > Ma 

and of a natural transformation between the composition 

: % -Afg 7&. 

In particular, for each subsimplex 

o-o = (ri Jm -»-"-»r ij 

of &, we will construct a map 

9 ao :T a (a ) — > T & (a ). 
A point x in T a [(Jo ) contains tubular neighborhoods for 



M ri io =^M ri i° X PM eEi io X M eVi io 



-M a 1 , x M eEi >o UeVi i =^>M 0in,i io xW ri . 

(24)' 

It also contains the information necessary to lift these choices through the simplex 

r -»r, -»-..-> iv 

A point y in 7a- (do) considers the same diagram (f24| but contains the information to lift through 
the simplex 

Hence to go from T a {oo) to 7a-(cro) we need to compose some of the information used to lift the 
operations. 

From x, we will construct a tubular neighborhood for 



M V "r X W (eEi k UeV t)c )\eE i 



x M V ^" X M £Vi r +1 X M £E ir+,lT 

for r = 0, . . . , k — 1 . Here (Pi r i T _, denotes the composition 

<Pt r i r _, '■ fir ~» Ttr-l ~» ^-2 > . 

The point x gives a tubular neighborhood ib s for each 



JVT 



M v '" x TM eVs + ' x TM eE 2 



By first restricting to M Vi T and then adding the identity on 
we get a tubular neighborhood for 

M V ™ X M eV * X J\4 e E <Pr II -IIeE <p s-i 



M v r xTW 1 l k 



(eE 1 UeV t )\eE s 



M v ™ xTM eV s + i xTM e£,Ps 



eF v 

X "V et i- X • • • X -v 



eE's-i 



M v r xTW 1 l k 



M V ;*xTM eV s + l xTMe E<Prn...UeE'P S 
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These gives tubular neighborhood for the vertical inclusion of diagram 

M Vi r *-M v w x w( eEi * UeVi ^ eET 





M v *" xM eVi <^') x M eE " |r+nu ■■■ LIeE " ,iT, + , 

twisted by the normal bundles of the diagonal embeddings. In particular, we can compose these 
embedding and get the required one. Note that since composition and restriction are associative, 
this operation is also associative. 

For the rest of the data, we join the connections on each -v eE<Ps into connections for the 



v 



: x • • • x y 



We do the same on the propagating flow using that if propagating flows on two bundle Aa — > A 
and Ab — > B, give one on Aa x Ab by 



Aa x Ap 



n A xq. 



,v(A A xA B ) 



□ 



To-(cro) is contractible. Say 

^0 = (r ik -> — > r io ) a = (r n -> — > r ). 

The space 7^-(cto) is a subspace of the following product of contractible space. 

Tub [©] x JJ r M & [CEUg x[]p [dj T ] x[]c [(HH) r ] x [©] 

r<i r r« 

x Tu& [(HU)] x Yl Tub [<HSJ r ] x -P [(pill 



r<i 



(25) 



where the equation number represents its normal bundle, C is the space of connection and V 
the space of propagating flows. We claim that T a (<Jo) is carved into this space as a homotopy 
pullback over a contractible diagram. 

We will prove this by induction on the difference between io and 0. If io = then we are 
only considering the diagram 



M Ei o 



M 3 " ri o x PM eEi ° x M eVi o 



M a " ,ri o x M eEi o UeVi o 



>M SJ, o xWr 



There are no restrictions and 



•••^r i0 ; 



is equal to the contractible space of (|25 
Assume that we have shown that 



2f n ->•••-> r, e\ — > — > r io ; 
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is contractible. Assume also that we have that the map 

TM V ' xlW (EEi k DeVi k 1VE| 



(it* 



Tub M 



v. 



TM V > 



x M 



eHi 



is a fibration (which is clearly true when io =0). When constructing 7^-(o~o)j we are considering 
one extra line in our diagram. In particular, we need to add the information necessary to lift 
from the line of P| to the line of Yq. This also gives two extra restrictions. 
Let 



Tub 



square . 



cpo : H -> r ) C Tub M v 



M V ™ x 1W (eE ik U e V it )\eE l 



TM V| 

be the subspace which contains all tubular neighborhood which lift up 



x M 



eH, 



T M v o xW 



TM v o 



x M eHo x M eEiPo 



M v 1 xTW 



(eE: UeV: ]\eE, 



TM V 1 



M eH| 



as in (|T8|) . Note that the restriction to the top map is a fibration 

Tub square, 



190 J 



/ v T (M x M' l k 4 i<'^ 
\ TM V ° 



x M eHo x M e 



Similarly let Tub triangle (<p ) be the subset of 

M Vo xlW (eEi k neVi i ,VEl 



Cf-v 



x Twfe T7VT 



Ttt6 M Vo 



x M eHo x M 



TM V ° 

M v °" x TW ,eEi k UeVi k'\ eE ' 
M v °" x T(M eV ' x M eE<p °) 



which contains the triples which induce a tubular neighborhood on the top map of (|19[) . By the 
appendix, we know that both these spaces are contractible. 
The first restriction can be expressed by a pullback diagram 



Strict CT (do) 



Tub 



square , 



<PoJ 



T, 



>r, (ffoj 



Tub ( M v ' 



— > 



,(eEi IleV, )\fE, 



TM v i 



X M' 



Since the bottom arrow is a fibration, Strict\((Jo) is also the homotopy pullback and hence is 
contractible. The second restriction can then be expressed as a second pullback diagram. 



Tub 



trianqle 



(Po J 



Strictl(oo)-*Tub (m v ° 



.V* 71 _,,(eE; IleV, )\eEi m . 

TM v o 



Again the bottom arrow is a fibration since it is a composition of two fibrations. In particular, 
T a (<jQ>) is contractible. □ 
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3.4 The definition of the space Tub[a). 

In section f3. 31 we have defined a functor 

T : (NTat a )° v — > Top 7 

from the category of simplices of Tat to the category of diagrams in spaces. The functor T 
takes a k-simplex cr to the pairs (A/cr, T a ) where Afcr is the category of subsimplices of a and 
T a includes the necessary choices to determine the operations for all subsimplices of cr. We will 
now put all these choices in a single space. 
Consider the functor 

Tub :NTat* — ) Top 

which sends cr to the homotopy limit 

Tub [a] — holimT c . 

For a description of homotopy limits and homotopy colimits see [TJ . 
Lemma 8. The space Tub[o) is contractible. 

Proof. This space Tub{c) is a homotopy limit over a contractible diagram of contractible spaces. 

□ 

By construction, a point x of Tub[<j) determines for each subsimplex <Jq a map 

x ao : \N[o )\ — > T a {a ) 

between the geometric realization of jV(cro) and the space T a {uo). In particular, it picks a con- 
tinuous family of operations parameterized by |7V(ffo)l — A k . In fact, a point in the contractible 
space Tub(a) fixes the operations for every fat graph in cr as well as the higher homotopies 
between them. 

Example 9. If cr = V then 

Tub(a) — holimTj — T a ((j) 
which determines an operation for F. 

Example 10. If cr = Pi — > To then TVcr is a category with three elements To, H , cr and the following 
morphisms 

T — > a i — n . 

The space 

holim{T a ) — homotopy pullback (To-fTo) — > T a [a) < — T^-(ri)) 

is the space of triples (a,y,b). Here a £ T^iVo), b £ T a (Y-\ ) and y is a path in T a [a) which 
starts at the image of a and ends at the image of b in 7^-(cr). By our definition of 7^-, a fixes 
an operation 

M 3„,r xW eE UeVo T /j 0m ( Kr J. 

The point b picks a pair of compatible operations 

M 3,„r x W eE,neV, Thom{K r , | M r ) 

M. 3 ™ r ' x W eE,UeVl — Thom[Krt). 
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Finally y is a liomotopy between 



M 9 - r » x W r , — ^ M 3 - r ° xW r »x J7iom (k T{ , ■ 



w r , 

" Wr„ 



— ^ Tftom (Kr, | M r ] . 

(26) 

and M-blrv 

Example 11. Say cr = (Fa — > Pi — > To) is a 2-simplex. We then get the following diagram of 
spaces 

%{v 2 ) %(v 2 -» n ) r(n ) 




(H -» r ) 



T{T ) 

A point x of Tub(a) picks 

• (jj-o , M-i > M-2) where m is an element of To- (Pi). 

• (hoi ,ho2,hi2) where is a path in T(Pj — > Hi). 

• K012 a two-cell in T a {a). 
Hence x determines an operation 

Ho : M 9, " r ° x Wr — > Thorn (Kr ) . 

It also fixes an operation m for P| which restricts to an operation on To . 



M 9 -" r ° xW r , ^Thom(K 



M 3»r, xWn ^ , Thom{Kv, ). 
It also determines an operation |J2 for 12 which restricts to one for both Y-\ and To. 

(vt2)lr Q 



M a >" r ° x VV, 



r 2 



Thom{Kr 1 



M 1 



(w)lr 



M a ro r, x Wf , 2 ; — ^ r/j 0m ( Kr2 | M 



M a ™ r2 x Wp 2 



M-2 



Thorn ( k 



r 2 , 



It then chooses a homotopy hi between the operation of diagram (f2"6")l and Hi . It also picks a 
homotopy h.20 between the two maps of 



Wlr 



M a » r » x Wr 2 M 3 " r » x W ro x ^ Thorn (<r 



Wp 2 
W r „ 



77iora(Kr 2 | M r ) 
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The point x also gives a homotopy Hi 2 between the two operations of 

Mr, 



M a„r, x _ M9 ,„r, x w ^ x ^ x w^/j ^ T^m^Ur, ) 

which restricts to a homotopy Hi 2 1 r between 



M 3,„r x _ M 3 in r x Wpi x ^Li. i^° r/lom ^ | MrQ x ^ ^ Thom{< r2 \ M r } 

Finally x contains a triangle 

in To- (it) which gives a 2-homotopy of operations on To between the composition of hoi with the 
restriction Hi 2 1 r an d ho2- 

In general, a point x in Tub(a) determines for each o~o C o~ a map 

x ao : lA/Vol — > T a {a ). 

These maps are compatible which means that for any inclusion g : o"i C ffo, we have a commu- 
tative diagram 



Lets translate proposition [7] to the spaces Tub(a). 
Proposition 9. There is a functor 

Tub : MTat-\ — ) Top 

which has the following properties. 
1. For any simplices 

^0 = (r ik -» ) v io ) c a = (r n -> > r ) 

i/iere are maps 



Tm6(ct) x \Ma \ x W ri x M 8 » r ° — v " ,oCa r ° ? 77wm ( i<r 



M'o 



I 



t 



Tub{a) x IJVctqI x W r . x M a "' ri ° ^ oClr > Thorn ( K r . r 1 

k V k M l o / 



I?. For a pair 



0"l 



o-o = (r ik -> — >r io ] 
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of subsimplices of cr, we get commutative diagrams 



w r . 



Tub{a) x \Na-\ | x Wry x w ik x M 



Tub{a) x iATaol x W Fi x M d '" r - 



7% 



om Kr\ 



Wr 



Wr. 



Thorn ( k 



M'r 



for r < io . ifere £/ie vertical maps are given by the usual splitting of the Euclidean spaces 
and by the natural inclusion of subsimplices of en as simplices of ctq . 

3. For a subsimplex (Jq °f both cr c cr, we get commutative diagrams 



Tub(a) x lA/Vol x M d ^ x Wr*' - T 



Tw6(&) x [jVffol x W Fi 



Thorn ( Kr t 



/or r < io . 
^. Tm6(ct) is contractible. 



3.5 Second thickening of jFat to include the choices of Tub [a). 

We are now ready to twist these choices of tubular neighborhoods into our model for the classi- 
fying spaces of the mapping class groups. We will construct a category Tat a which lives above 
the category of simplices in Tat^ . The fiber over a simplex cr will be exactly Tub (a). We then 
use the fact that Tub is a functor to move from one fiber to the next. 

For this, we use Thomason's categorical construction for the homotopy colimits [15]. We let 



Tat a = [AfFatf) ov 



Tub 



be a category enriched over topological spaces. An object of Tat a is a pair (cr, x) where cr is a 
simplex of Tat a and where x is an element of Tub(a). A morphism 



(cr ,xj 



I o-i, y J 



is simply an inclusion of morphism 
so that 



g : cti — > cr 



y =T(g)(x). 

And so y is the restriction of the choices that x contain for cr to choices for <7i . 
Lemma 10. The functor 



J-at a — > Tat a 

which sends a pair (cr,x) to the first vertex l\ of cr = (l\ 



Pq) induces a homotopy 



Proof. By Thomason |15j . the geometric realization of J-at a is the homotopy colimit of the 
functor Tub. Since the Tub(cj) are contractible, we get that the forgetful map 



hocolimY — > \J\fJ-at a \ 
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is a homotopy equivalence. 
Consider the functor 

ip : (NFat a )° v -^Tat a 
which sends a simplex a to its first vertex F k and a morphism 

(r n — »...—» r )—»(r lk —»... - 

to the composition 



r n -i 



1 Ik 



whenever i k ^ n and to the identity P n — > P n whenever i k = n. ft suffices to show that the 
geometric realization of it> is a homotopy equivalence. We shall show that for any F £ Tat a the 
geometric realization of the category r \ ip is contractible. 

We will define three functors with two natural transformations 




r\i|) 



The functors send an object 



to 



10", <pj 



(r k -> — > r ,cp : r -> r v ) 



Id(a, cp) = (a,cp) 

G(a,(p) = (r^r k ^r k _! -^...^r ,r^>r) 
cst(c,<p) = (r^nr) 

We extend these in the natural way to functors. The first natural transformation takes 



01 (o-,<p) = 



r ,r 



i^r) 



(o-.cpJ 



where d k ( k _ 



is the inclusion of cr into 



r^r k 



r . 



Similarly the second natural transformation takes 



02 (cr, cp) = 



d k+1 (r^r k ^...^r 0) r^r) — » (r,r-^r) 



Hence the identity on T \ ip and a constant map are linked by natural transformations. This 
shows that |F \it>| is contractible and hence tl> is a homotopy equivalence as claimed. □ 



Remark 6. Similarly the functors 



MTat a — > Tat 
Vq) to its last vertex Vq also induces a homotopy equivalence 



which sends a simplex ( T k — > 
on the geometric realization. 

We now have a thicker category Tat a which realizes to a space with the correct homotopy 
typer. This new model contains all the information we need to construct the Thorn collapses 
and hence the operations in a compatible way. 
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3.6 Construction of the Thorn collapse. 

Using homotopy colimits, we will construct categories which twists the spaces M s ™ r , M r and 
Kr above the all admissible fat graphs. 
Consider the functor 

M~ : [m*)° v — > Top 



which sends an object 



To) 



to the space M r ° of piecewise smooth maps from the geometric realization of Vq to M. We again 
use Thomason's construction [15] and consider the category 



[Fat 



M" 



whose objects are pairs (o~, f : To — > M) and whose morphisms 

cp : (a,f : r -» M) — » (of,f :f -> M) 

are the morphisms 

cf = (r ik c • • • c r io = f ) c o- = (r n -> • • • c r ) 

of Tat a with g = f • cpi o where <Pi o is the composition 

<Pi o ■ h -» > r 

The homotopy type of the geometric realization of this category is the homotopy colimit of the 
functor M. - which is homotopy equivalent to the Borel construction 



[Tat L 



TT f Wiff + {S : 3) x Map(S,M) 

' Diff+[S;d) 



of pairs (Z, f : L — > M) where L is a Riemann surfaces. 
The space 



Fat a 



will be the basis for the virtual bundle k. The Thorn spectrum of k will be the target of the 
generalized Thorn collapse whose construction is the goal of this entire section. 
For each simplex 

o- = (r n -> — > r ) , 

we let k+ = Kr n | ro which is the target bundle of the operation associated to the diagram 

M r ° *- jvt3...r x pjvi eE » x M eVo ^ jyi 9< " r ° x M eE ° UeV ° *- M 3 ™ r ° x Wr n . 

We will denote by the trivial bundle 

W Fn x M r ° — > M r °. 
We claim that these bundles glue to form a bundle over the space 



Tat a Mr 
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To keep track of how we patch these bundles together, we consider the following category VB of 
virtual bundles. The objects of VB are pairs (X, k+, k_) where X is a topological space and the 
k±'s are bundles above X. A morphism 

[f,9,a|) + ,i|)-] : (X,k + ,k_) — » (Y,A+,A_) 

is an equivalence class of quadruples where f : X — > Y is a map of spaces, is a bundle above X 
and the i[) ± are isomorphisms 

\1> ± : f*A± © 9 k± 

of bundles. Two such quadruples (f|, Bi,-^ ,il)^) represent the same morphism exactly when 
f i = f2 and when there is an isomorphism 

Ce '■ 9i — > 02 

of bundles which sends the to the ibf ■ The objects are discreet but the morphisms are 
topologized as the quotient 

j J Isom(Q © k+, A+) x Isom(Q © k_, A_) / 

Composition sends 

, v , [f x ,ex,-4>i^x] rv . [f y ,e y ,i|.+,if y] 
(X,k + ,k_) 3- (Y, |X_J (Z,A+,A_) 



to the morphism 



(X, k+,k_) ^ (Z,A+,A_) 



where ij)* is the composition 



fj(i|>±)eid 



(f Y o f x )*A± © (f* e v © e x ) — - f; (f^(A±) © e Y ) © 0x f * (yL±] e 0X K± 

Lemma 11. T/iere is a functor 

L : A/"^ai° p — > V£ 

w/iic/i is defined on objects as 

L(r k ^...^r 0> x) = (M r ° ) K;,K-). 

Proof. It suffices to define L on morphisms and to prove associativity. Take any morphism 

g : cr = (T n -> > T ) — > cr = (r ik -> . . . -> r io ). 

of J\fTat° p . We will define a continuous map 

Split{<p n ) x ■•■5pZii(<pi) — > /som (k+ ©9,f*K+) x Isom (k~ ©9,f*K~) 

which will define L on the morphisms above g. 
Let 

«Pi o ■ 1 1 > ' ' ' > 1 cpni k ■ I n > ' ' ' > I t k 



be the compositions. Let 
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Using the composition of Tat\ , we have a map 

Split(ip n ) x • • • x Spte((p ( i. k ) +1 ) x • • • x Split((pi ) — > Split{(p nil . ] 
An element of Split(ip n i v ) gives an isomorphisms 

Wr n 



M r ° x W r x 

1 H 



M r ° x W r , 



on the k 's. 

To get the isomorphisms on the positive part of the bundle, we consider the diagram 



M a '" r " x PM eEo x M eV ° 



M 9 -" r ° x M eEoUeVo 



M 3 » r ° x Wr 



M 9 '" r ° x PM eE ° II M eEl,Ho0lIeVi o M 9 '» r ° x M eEi o UeVi o 



M 9 » r ° x W r . x 



M Ei o 



M 9 -^ x PM EE 'o x M eV ^o -< M a » rt o x M eEt o UeV ^o M 9 - r ^o x W r ^ x ^ 



The target of the operation associated to the bottom row is 



x M*o 



All the squares between the second and third row are pullbacks and hence the target of the 
middle row is 



^Jq M r o 



w Fi 



2- x M r ° . 



By definition the target of the first row is K a . However, the first and second rows have isomorphic 
targets and an isomorphisms is specified by the diagram. This gives the required isomorphism 

K CTo I JVl [ © 9 > K J- 

The associativitiy of the composition of morphisms in Tat i makes this assignment associative. 

□ 



The functor 
gives us a virtual bundle A above the space 



VB 



[Tat 



aiop 



Mr 



This bundle is the twisting of the virtual bundles (Kjt , K r ). The Thorn spectrum of this virtual 
bundle ( Kjt" , Kp ) is 

Thom(K+, Kf~) = I _Wr Thom{K+) 

the desuspension by the Euclidean space Wr of the Thom space of the bundle Kp. The Thorn 
spectrum 

Thom{K) — hocolim Thom ( k J , k~ ) 



of k is the homotopy colimit of the Thom spectrum of the various pieces. 
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Consider the functor 
which sends an object 



M 3 "'- : (Tat a )° v — > Top 

— > r 0) x) 



(r n -» r n _! -> • • 

to the space M 3i " r ° and a morphism 

(r n -> — > r 0) x) — > (r ik -> — > r io ,y) 

to the map 

M 9,„r — > M 3.„r io 
corresponding to the composition (pt o : fi — * Hj. Consider the category 



whose objects are triples (cr,X, f) where 

o = (r n -> > r ) 

is a simplex of Tat a , x is in Tii&(cr) and where f : dm^o — > M is a piecewise smooth map. The 
morphisms are simply "coinclusion" of simplices with x and f following. 

Lemma 12. For each component Tat$, the geometric realization of 



[Tat c 



M 



din — 



\Tat a \ x Map{d in S,M). 



Proof. By Thomason [15], the category {Tat a )° v jM a ™ _ is a categorical model for homotopy 
colimit of the functor M 3i ™~. We will show that the geometric realization of this functor is 
homotopy equivalent to the constant functor M 3inS on the component ITat^]. 

Fix an open-closed cobordism S. Consider the category Qf of graph models for 3i„S. More 
precisely, the objects of Qf n are fat graphs G with an ordering of its connected components 7TqG. 
We ask that the ith component of G be a single vertex whenever the ith incoming boundary of 
S is an interval. Similary the ith component of G is a circle with a single leaf as a starting point 
whenever the ith incoming boundary of S is a circle. 

We first see that the functor JVl a ™~ factors through Qf n 



M " 



■ Top. 



{Tat c 



However, we claim that the category Qf n realizes to a contractible category. Hence since all the 
M a ™ r are homotopy equivalent, we get that 



hocolim M 



(Tntl )op s 



\{Tat c 



M a - S . 



Lets now show that the geometric realization of Qf n is contractible. Notice that since the 
morphisms preserve the ordering of the connected components of the graphs G, it suffices to 
prove that the category Qf n is contractible for surfaces S with a single boundary. Because the 
category depends only on the incoming boundary of S, we only need to cconsider two categories 
Q s which is the category of "oriented circle graphs" and Q l which is the category of graphs with 
a single vertex and no edges. The second one is clearly contractible as all objects are uniquely 
isomorphic. 
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It therefore suffices to conisder Q . We have three functors and two natural transformations 




The first functor is the identity Id. The second one F adds a single edge at the beginning of 
the circle. The third one, est, sends everything to the circle with a single edge. The natural 
transformation 0i collapse the edge added by F while 62 collapses everything but that added 
edge. We therefore have natural transformations linking the identity and a constant map which 
proves the claim. □ 

Theorem 5. For each open-closed cobordism S, we get a map of spectrum 

BMod oc (S) x M 9mS — > Thom[K S ) 

where k$ is the restriction of k to the connected component corresponding to S . 

Proof. We will construct a map of spectra 

[ijp : hocolimL 00 M 3 *"~ — > Thom(K) — hocolimThom(K^ , k~) 

directly. Morally, we are constructing a natural transformation 

6 : 1°°M 3 "- Thom{K±, KZ) 

up to specified higher homotopies. 

Fix a simplex cr = ( F n —>■■■—> Vq ) . By proposition [51 for any subsimplex 

go = (r ik -> — i r io ) 

we get a map of spaces 

Noc. : Tub{a) x x Wr ik x M 9 "' ri o — » Thorn (k+ ) . 

By desuspending by VVr ik , we get a map of spectra 

K 0<Z(J :Tub{a) x |7Va | x I°°M 3 '" ri o — > Thom{n aa ). (27) 
Take an m-simplex 

cr C • • • C cT m 
of AfJ-at-\ . Above this m-simplex, we have the space 

A o- c-co- m x Tub(o m ) 

in the geometric realization of (J-at a )° v . The boundary of this space is identified with the spaces 
above the ctq — > ■ ■ ■ Si ■ ■ ■ — > cr m . This m-simplex ctq ■ ■ ■ c m also corresponds naturally to an 
m-simplex in A/"<T m - Using this, we get 

Q ao ... am : A CToC '" C(Jm x Tub{a m ) x I°°M 9! " r ° — > A a " oC "' C(Jm x Tu6(cr m ) x Thom(K am ) 

where To is the first vertex of cr m . This defines 9 above ctq C ■ • • C cr m . 
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We claim that all of these maps together define a map \ijp of homotopy colimits. For this 
to be the case, we need that the operation above an m-simplex coincides with the operation for 
its subsimplices on the boundary of A a ° c '" Cam . 

Take any m — 1 subsimplex 

cr C • • • C <Ti C • • • C cr m . 

Lets first consider the case where i < m since it is mostly trivial. In this case the identification 
along this boundary is simply the identity 

a . ( A o- c-ccr m ) x rub{a m ) — > A aoC " •^- Cff ™ x Tub[a m ). 
Since the operations we are comparing are built as 

A o- c-3v-ca m x Tub{a m ) x I°°M 3 "' r <> ^ LA/ffJ x Tub{a m ) x I °M a »' r '' A ^^r/iom(K £Tm 

A^c-ca m x Tub{o m ) x i°°M 3 - r " \Ma m \ x Tub{a m ) x I°°M. a *» r ° ^^Thom{K„ m 

we have a commutative diagram 



A cr C---ovCo- m x£°°M 9 '" ro 



A°" o( 



x I°°M a ™ r ° 



n ' ' ' ^ i ■■■<tti 



"r n ■■•"r\ 



Thom[K an 



Thom{K av 



For i = m, we need to work a bit harder. Say 

o- m _i = r ik ^ — > r io . 

In hocolimL 00 M din ~ , we have 
( jSt^X°v 

A aoc-ca m x r«6(ff m ) x l°°M 9 - r ° 
above Uo C ■ ■ ■ C cr m . While above ffo C • • • C cr rrL _ 1 , we have 

A croC ...Ccr m _, x Tub{(T m -l) X I M M 8 » r 'o. 

These are glued using 

3 m _! (A aoC - Ca ™) x Tu6(cr m ) x I M M s » r ° — > A o-oc-co- m _, x 7^(0-^) x x^m 3 ™^. 

We therefore need to show that the two operations agree along this identification. We will use 
the properties of (|2"T)) as in proposition [5] to show that 



3 m _i (A 



x Tub(a m ) x L°°M d '" r ° 



A o- c-ca m _, x rw6(cr m _,) x I°°M 3 '" ri o 



commutes. 

The map A cro ... crm is defined after suspension by Wp n as 

9 m r„ 



Thom{K ar[ 



Thom{K a 



\J\fa{m)\ x Tub{a m ) x M d >"'° x W rTl — > Thom(K+ 



(28) 
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The map A (To ... (Tm _ ) is defined after suspension by Wr ik as 

|A/o- m -i| x Tub(o m -t) x M a "' ri o x Wr ifc — > TAom^^J. 
However we have an identification 

Wiv , A/ eE„neV n 



(29) 



Wr, X — ^- = W 



as part of cr m . In particular by suspending (129|) by , we get a map of spaces 



\Afc m -i \ x Tufe(cr m _-,) x M 9 " ,ri o x Wp n — > TAom K+ n 



W r „ 



which represents the same map of spectra as (|29l) . This new map is at the same suspension level 



We know by property 3 of proposition [5] on page 1431 applied to cr m _i as a subsimplex of both 
cr m _i and o~ m , we get a commutative diagram 



1 <-<*m-l 



Tub{o m ) x lA/ffm-il x M 9 » rt <> x W r 



W(<r m _,)x |Mr m _i| x M 9 "^o x W r , k ^ mCgm 
which induce a commutative diagram 

^"m-l Cc "m-1 M r 



Thom(Kv^ 



k'M '0 



ThomiK 



Tub(d m ) x |7Vo- m _i| x M d - r " x W Fi 



Tub(a m -i) x |AAo- m _,| x M 9 - r ° x W r 



"(T m _l IM' o 



(30) 



Thorn ( k 



cr m _ 1 iM'o 



By property 2 of the same proposition applied to cr m _i C cr m both as subsimplices of cr m , we 
get that the diagram 



Tub((j m ) x |A/ffm-il x Wr ik x x M 9 ™ r ° "' Tm -' gm ' M ' Thom(K 



c m _i IM'o VVr 



Tu6(cr m ) x \JVa m \ x W Pn x M 9 -" r ° 
commutes. In particular, we get that 

Tub( o"m) x 9 m |A/"cr Tri | x Wr n x M 9i ™ r ° 



Thom(K av 



Thom(K am ) (31) 



T M fe(cj m ) x |7vV m _i| x Wr ik x x M 9 » r ° ^-'^'^o Tftom ( K+ m _ T | M r . ^ 

Together (|3H)l and (pJTj) give that the diagram of spectra 

9 m (A ffoC - Cff -) x Tub(o m ) x I°°M 9 '" r ° T/iomtK^^J 



A o- c-c<r m _, x Tub[a m -i ) x i°°M 9 '" r ° 
commutes as well which completes the proof. 



ThomiKn 



□ 
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4 Thorn isomorphisms and orientability 



Say S is an open-closed cobordism. In the previous section, we have defined a generalized Thorn 
collapse 

BMod{S) x I°°M 3 » S — > Thom{K S ). 

To complete the definition of the string operations, we need to consider Thorn isomorphisms 
for the virtual bundle Ks. Since the bundle Ks is not oricntable, we will need to consider its 
determinant bundle. 

To get operations parameterized by some twisted homology of moduli space, we will construct 
a bundle Xs over BMod{S) and we will relate the determinant bundle of k s with a tensor of the 
determinant bundle of xs- This will give string operations parameterized by the homology of 
the moduli space with coefficients in detx <gld where d is the dimension of the manifold. 

We will also show that the bundle xs is oriented whenever S has at most one boundary 
component which is completely free. However, there is no way of picking these orientations 
compatibly with the composition of surfaces. In particular, we will show that our version of the 
Chas and Sullivan product is not strictly associative. 

4.1 Twisted moduli space and homological quantum field theory of 
degree d. 

For an open-closed cobordism S, consider the pair of vector spaces 

(Hi(S,3 m S;K),H (S,3 m S;K)). (32) 

We get a virtual bundle xs over BMod(S) by setting the holonomy of this virtual bundle to be 
the usual action of 

m (BMods) = n Diff+ c ($; 3*,S U 3 out S) 

on the relative homology groups. 

The determinant bundle of the virtual vector space (Vi , V2) is 

detM.Vz) = (Vl ) AdimV ' ® (Vf a; ) AdimV2 • 
A morphism of virtual vector spaces 

(A,B) — > (C,D) 

induces an isomorphisms 

det(A,B) — > det(C.D). 
Consider the bundle det(xs) on BMod(S). 

Lemma 13. The bundles {det(xs)} gives a bundle over the BMod(S)-ProP. 

More precisely, for any two two composable open-closed cobordism Si and S 2 , we have an 
isomorphism 

det(S!) ® det(S 2 ) — > dct(Si#S 2 ) 

which lifts the map 

BMod(Si) xBMod{S 2 ) — ► BMod(Si #S 2 ). 

Proof. For any such Si and S 2 , the long exact sequence of homology groups associated to the 
triple (S 1 #S 2 ,S 1 ,3 m Si) gives 

^ Hi (St ; 9 m S, ) ^ H, (St #S 2 ; 3 m S, ) ^ H, (St #S 2 ;S, ) (33) 



c 



Ho (Si ; 3 m Si ) s- H (Si #S 2 ; 3 m Si ) *- Ho (Si #S 2 ;Si 



53 



Using excision, we get 

H4S 1 #S 2 ;Si) = H*(S 2 ;9fcS2). 
In particular, (|33[) gives the require isomorphism. 



□ 

We have a symmetric monoidal category HBord d enriched over graded abelian groups. The 
objects of WBord d are isomorphism clasees of 1-manifolds with boundary. The morphisms in 
HBord d between [P] and [Q] is 

HBord d ([?], [Q]) = 0H, (BMod(S); (dct X s) 8d ) - 

[S] 

Composition comes from the gluing of the preceding lemma. 

Definition 3. A homological conformal field theory of degree d is a symmetric monoidal functor 

F : HBord d — > groups 
from HBord d to the category of graded abelian groups. 

4.2 A combinatorial model for det(x)- 

Over the fat graph model {Tat a )° v , we build a combinatorial model detx^ 0,1 for det(x) as 
follows. To any simplex 



a = (r n 



To), 



we associate the pair of vector spaces 







p eH n neE R I]eV n 



We think of this virtual vector spaces as the cellular chain complex 



»eH r 



computing the real homology of the pair [V n , 3i ra r n ) subdivided once. To any morphism 

ffo = (R k -> ) r io ) c a, 

we associate a morphism 

dot (R eH ^ , R eE ^ UeV ^ ) — > dot (R eHn , R eE « neV n) 
of virtual bundles constructed as follows. The morphism cp n i k induces a chain map 



Hi (P n ; 3 m P n ) 

<Pni 



»eH ik 



peEnlleVn 



H (r nJ 



peE ik UeV ik 



H (n 



which gives a morphism of virtual bundles 

(M eHi K,R eE i k UeV i k ) — > (R eH ",M eE - UeV "). 
We therefore get an isomorphism 

dct(M eHi K,R eEi K UeVi k) — > det(M eH -,M eE " UeV " 

We get a virtual bundle detx^™' over (Tat a )° v . 



(34) 
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Lemma 14. The virtual bundle detx"^' forms a bundle over the partial- PROP J-at a . It models 
the virtual bundle detx over moduli space. 

Proof. Lets first show that the virtual bundle det x^* is a combinatorial version of the virtual 
bundle detx- For any fat graph F, we consider again the cellular chain complex 

j^eH d j^eEIIeV 

for H*(r, 3i„r) obtained after a simplicial subdivision of V. This gives a contractible choice of 
morphisms 

Hi(r,3 m r) ®Image(d) K eH 
H {r,d in r) ®Image{d) E eEUeV . 

These morphisms respect the twisting since we have used (|34l) to twist y^ ata . In particular these 
give an isomorphism 

det(x) ^det(x^). 

Recall that Q C {fat a )° v x (Tat a )° v is the subcatc gory of simplices of glue-able fat graphs. 
We have a diagram 

yfat a x yTat a ^ \y*(^Fat a x ^Tat a j ^^at 11 



(^ a ) op x (^ a ) op ■< g {n^) ov 

and we want to lift # to a morphism of vitual bundles 

m*^at a x x ^at^ > ^Fat^ 

For any simplex cr^ 

(r n ,r n )^ >(r 0) r ) 

of Q, we have 

eE„ „ -p = eEr II eE r 
and similar identities for both eH and eV. In particular, we get an isomorphism 

(R eH ",M eE - UeV ") © (R^,R^ n *vA 

which gives one on the determinant bundle 



dct(x^ f )®det( X ^f )=det(x^ f #S2 ). 



□ 



4.3 Relation between x an d k 

Say we have fixed an orientation on M. The goal of this section is to relate det(K) and det(x)® d - 
Recall that if 

cr = T n -> > r 

then 

K + = TM eH - x -v eE,lUeVn | M r k" = M r ° x Wr n 

where Wr n = w eE,lIIeVn . Here v is the normal bundle of the fixed embedding f : M — > W. The 
bundle above a morphism & C cr is determined according to the maps of diagram [7] on page 1281 
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Using the idea that "v is really W minus TM, we can define a second bundle det k above 



hocolimL 00 Mr 



which has 



jeH, 

R- = TM eE - UeV " 



Pick a morphism 
We have 



5 = (r ik -> > r io ) c a. 



TM eHi * — > TM eH " 
which hits the half-edges of eH n that are not collapsed by cp n i k • We also have 

TM eVi k UeEi k — > jM eV ^ UeE ". 

As we have argued before the cokernel of these maps are identified by the pullback diagram 

M Vi k >- M v "k x M eHi k x M eVi k UeE i k 



M v " >- M v ™ x M eH - . 

This determines an isomorphism 

det Kg- = det k ct 

and hence we have a bundle det k. 

Lemma 15. There is a natural isomorphism 

det(R) = det(K). 

Proof. We have 

R+ ®(V E ~ UeV ") =K+. 
Now by definition of y, we have a short exact sequence 

TM — > W x M — } y 

and in particular, we have a contractible choice of splittings 

-v © TM = W. 

This means that we have a contractible choice of identification 

k+ ®(V E - UeV ") =k+. 

We therefore have an isomorphism 

det(R,j) = det(Ka-). 

Our choice of gluing in k„ was made so that the isomorphism respects the twisting above 
morphisms. □ 
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We can define a similar bundle above {J-~at a ) ov . For any simplex cr, we let 

A a =det (M eH -,M eV " UeH ") . 
As in k, for a morphism of simplicies & C cr, we consider 

M eHi K — > R eHn 

R eE ik UeV ik > R eE n IIeV m 

induced by the morphism <p n i n of graphs. 
Lemma 16. The forgetful functor 

V : hocolimL 00 M~ — > [Tat a )° v 

pulls back 

V*(A® d ) =detK 

Proof. Since TM is oriented of dimension d, the statement is clear. □ 
Lemma 17. There is an isomorphism 

det(A) = det(x) 
Proof. It suffices to compare A and det(x~ Fata )■ Over each cr, 

A a = det(x^) 

and hence it suffices to compare what happens over the morphisms. Fix an inclusion 

& = (r ik -> > r io ) c cr = (r n -> > r ) . 

The map <Pi o is a homotopy equivalence relative to the incoming circles and hence we get a 
chain map 



Hi (r n ;3 m r n 



Hi (r ik ;3 m ri k 



fcH 

i>eH iv . 



peE n IIeV n 



feEUeV 



Ho(r n ; dinV n 



Ho(ri k ;3 m rt k ) 



which we have used in to construct x^'- Here the map 

R eH n >R eH ik 

sends an element 1^ to either 1 ( p TVi (h) if h is not collapsed by <p n i. k or to zero if it is. The 
second map 

R eE„LTeV a >R eE ik UeV ik 

sends any 1 a to 1 cp nik (a) ■ We get the isomorphism of pairs of vector spaces 

dot (lR eH -,]R eE " UeV -) =det (M eHi k ,K eEikUeVik ) ■ 
When constructed the bundle det R, we considered 



9eH 

_ . TijeEi. IleVi 

QeEUeV ■ ^ k 



s eE n UeV n 
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Here 



geH(lh) — 1cp-'(h.) 
geEUev(le) = 1cp-i(e) 

9eEHev0v) = 1 



a ■ 

aetp-MvJnleEt.neVi.) 



Note that g e H is a section of f e H- We also have 

feH • geH(1 e) = 1 e 
feH ' geH(lv) 



#( P - 1 (v)n(eE io neV io ; 



which is a section up to multiplication by a positive constant. 
In particular the f's and the g's induce the same map 

eHi k ,R eE H neV ^ ) s det(R eH '\R eE " UeV " ). 



□ 

4.4 The string operations 

In section |31 we have constructed a generalized Thorn collapse 

BMod[S;dS) x M 3 "' s — > Thom[K S ). (35) 
We will use the Thorn isomorphism 



H* (T/iom(Ks);det(Ks)) — > H* | hocolimM 



\ i 



for the non-oriented bundle Ks and our knowledge of det k to define our string operations. 
Lemma 18. The homotopy colimit of M a ° u '- is homotopy equivalent to the product 



hocolimM 3 ™'- ~ ]J (BMod(S) x M a °" ,s ) . 

Proof. We have already proven this for the functor M. 9 "*~ in lemma Q21 The proof is exactly 
the same here. □ 

This means that the restriction maps 

M r — > M. d ™" r 

give a map 

H* ( hocolimM- I — > H* I hocolimM 3 ™'- J — I0H» (M d °" ,s ) 

\ {tttajov ] \ (jS^T°V ) S 

We will now translate the result of the previous section to get a twisted Thorn collapse. 
Lemma 19. The generalized Thorn collapse of (|35[) gives a map 

H* (BMod(S);detxf d ) ®H„M 9 "' S — > H»( ThornM, det(K)). 
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Proof. By the preceding section, the bundle det(x) pulls back to detxf d on 

BMod{S) x I°°M 9 »S. 

This proves the statement. □ 
Definition 4. The string operation associated to S is the composition 

H*(BMod(S);detxf d ) ® H*M 9 » S = H,(BM^[s); detxf d ) ® H,M 9 » S 

— » H,(2%om(K S );det(K)) — » H,(M 9 '"" S ). 

Note that if the manifold is even dimensional then the twisting above BMod(S) is trivial and 
we get operations parameterized by the homology H*(BMod(S)). 

4.5 Triviality over certain components 

Let S be an open-closed cobordism with at most one boundary component that is completely 
free. We claim that the bundle xs is orientable . 

Lemma 20. The bundle xs over BMod(S) is oriented. 

Proof. The action of the diffeomorphism group on Ho(S;9i„S) is the identity since each con- 
nected component of S must have a boundary boundary component which is not incoming and 
hence all but one must have a bit of outgoing boundary. Since these are preserved by Mod{S), 
all but one connected component must be preserved and hence they must all be preserved. 
Consider the long exact sequence 

Hi (9 m S) H, (S) H, (S; 9 m S) H (9 m S) H (S) H (S; 9 m S) 

The action of the diffeomorphism group is trivial on all terms but 

H,(S) Hi(S;d m S). 
If S is a surface of genus g with n boundary components, 

Ht(S) =Z e2g ©Z en . 

The mapping class group acts as the identity on Z ffin since our diffeomorphisms must preserve 
all boundary components but one (and hence preserve all). The action on Z® 2g is not trivial, 
however, since diffeomorphisms preserve the intersection pairing of the surface, the action factors 
through the symplectic group. It therefore is orientation-preserving. In particular the action on 
Hi (S; 9i„S) is also orientation preserving. □ 

In particular, we get string operations parameterized by H* (BMod(S)). More precisely, once 
we have picked an orientation for xs , we get an operation 

u s : H*BMod(S) ® H*(M 9 » S ) — > H»(M 9 °"' S ). 

which increases degree by the relative Euler characteristic 

dim(H (S; 9S)) - dim(Hi (S; 9S) 

times d. This degree shift was hidden in the grading of xs • 
Remark 7. Say we are interested in the mapping class group 

Mod'{S) = n Dtff + (S;d m S II d out S;n d free S) 

which preserves 9j„ and d out pointwise and fixes each connected component of 9/ ree as a set. 
The proof of the previous theorem shows that the bundle xs is orientable over 

BMod'(S) C BMod(S) 

and hence we get operations parameterized by H*(BMod'(S)). 
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Figure 8: Two compositions 

4.6 Our Chas-Sullivan product is skew associative when d is odd. 

This section shows that although k is oriented over certain connected components, it is not 
possible to pick orientations which are compatible with the gluing. 
Lets consider the pair of pants S. We have 

(H 1 (S;d m S),H (S;9 m S) = (Z,0). 

Say we pick a generator for H] (S; 3j n S) which goes from the first boundary to the second. This 
gives a trivialization of detx® d and hence an operation 

H*(BMod(S)) <g> H*LM® 2 — > H*LM. 

We will call 

*cs : H*LM® 2 — > H*LM. 

our Chas and Sullivan product. 

Proposition 21. The product *cs is associative if and only if M is even dimensional. IfM is 
odd- dimensional, *cs is skew associative. 

Proof. We will assume that our operations glue as does x (which will be proven in the next 
section). We therefore want to compare the two isomorphisms 



det (xs ) x det (xs ) det (xs 3 ) 

given by the composition illustrated in figure [8] Here S3 is the pair of pants with three legs. 
We have that 

(H 1 (S 3 ;3 m S3) > Ho(S 3 ;9 m S3)) = (Z©Z;0) 

where we can choose the generators of Hi to be yu a path from the first to the second boundary 
and Y23 a path from the second to the third boundary. The first composition will send our chosen 
generators to 

Y12 ® Y23 

while the second composition will send then to 

723 ® Yl2- 

In particular, the two composition of *cs will agree up to a sign of (—1 ) d □ 
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The original Chas and Sullivan product as denned in [2] was associative. However, Chas 
and Sullivan shifted the homology by d. This change in grading hides the signs that we are 
seeing. Note that this change of grading would make the coproduct skew coassociative from 
odd-dimensinal manifolds and hence would not rid us of our bundles. 

This sign problem is the same as the sign issue that appears in the definition of the intersec- 
tion pairing in H*M. If we use the Thorn- Pontrjagin construction to define the pairing, it not 
be associative. However, one could use the cup product directly and get an associative product. 
But in this last case, we would be thinking of a homology class in its cohomological degree. 

5 Gluing the operations 

We are now ready to show that the operations that we have constructed glue to give a degree 
d-TCFT. 

5.1 Thickening the category Q of glue-able fat graphs. 

In section [2^41 we have constructed a category Q of glue-able admissible fat graphs with functors 

Tat a x Tat a ( — Q -^-> Tat a , 

The first functor realizes to a homotopy equivalence on the geometric realization. The functore 
# glues the glue-able fat graphs. 

Since we have thickened the category Tat a to construct the operations, we will now thicken 
Q to match. We will construct two categories Q\ and Q as well as a diagram 

(Ta^]° v x ( T^)° v -* ; Q («T P 

[AfTat a )° v x [MTat a )° v +—Ng° p ^± [NTat*)° v 
Tatf x Tat] Gi — — ^ Tat a 

Tat a x Tat a ■< ; Q *■ Tat a 

where the ~ means that the functor induces a homotopy equivalence on the geometric realiza- 
tions. First, let Qt be the pullback of the diagram 

g^ ^ Tat* x Tat a 

y 

G ^Tat a x Tat a . 

The objects of C/i are pairs (F, V) of glueable fat graphs and the morphisms of <?i are morphisms 
(cp, cp) of g with a choice of splittings for both <p and <p. 

Lemma 22. The functor 

g-[ — > Tat a x Tat a 
realizes to a geometric realization. There is also a functor 

#i : Q\ — > Tat] 

which lifts =ff. 
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Proof. The argument of proposition [6] that showed that 

\Fatf \ — > \Fat a \ 

is a homotopy equivalence gives that 

isii— >iei 

is also one. Since we have a commutative diagram 

I 5- x TatS 



\Q\ — iJRxi x JRii a | 

we get a homotopy equivalence on the top arrow. 

Lets now construct the gluing #1 . Fix an object [Y\Si) m the category Q of glue-able 
admissible fat graphs. We let V = rj#f2 denote the fat graph obtained by gluing Pi and Vz- 
Note that the 

eEr = eEr, II eEr 2 eVp = eVr, II eVr 2 eHr = eHp, II eHp 2 
For any morphism 

(<P,9):0o,r o )— >(r ll r 1 ) 

of Q, we construct a continuous map 

Split{(p) x Split(<p) — > Split{q>#q>). 
Say we have splittings (a, (3) and (a, (3). We then get a splitting for cp#cp by considering 

R eE r #ro UeV ro#f ^tR^UeV^ xR eEp o UeV F() 



R eE r ,IIeV r , x R eE F| IIeV ?i ^ R eE f| #F) IIeV r] #?i 

By construction, for an extra vertex v of Pi^Ti this splittings gives, as required, a splitting for 

ID) eE r ° # '' IleV 1 " #f;<> 
tu , TD) eE!; o#ro UeV v ro#ro , K V 



□ 



On the categories of simplices, we get naturally 



M (Tat^ x Jfctf ) < — A/"5i ^ NFatf. (36) 



We can compose the first functor with the functor 

N{Fat" x jFe<) — > NFat* x JVFatf 

which sends 



(r n ,r n ) -» — > (r ,r ) 

These also give functors 



-»([r n -» ► r ],[r n -> > r ] 



(A/>O op x (J\^<)° p <— JV£ 1 ° P ^7 {NFat 
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Lemma 23. The functor 
realizes to a homotopy equivalence. 

Proof. This is a direct consequence of the fact that the functors 

Si — > Fatf x Fatf 

and 

AAC — > C V C 

gives a homotopy equivalences. □ 
To complete the extensions, we now need to define a category Q and functors 

{m^) ov x (ibiT p <— g — » (^?T P . 

Recall that we have defined (•7 r crf a ) op by first defining a functor 

holvm 

Tub : (A^<) op Top' >■ Top 

and then using Thomason's construction 



(Tat a )° v = (NTat*)° v 

Consider the functor 



Tub. 



[Tub,Tub):tfg, ^Affah x MTaty TubxTub , Top 

and define 

g = Mg° v (Tub, Tub). 

Lemma 24. There is a functor 

W:§ — ► {Rti*)° v x ( Tat*) op 
which is a homotopy equivalence on the geometric realization. 
Proof. The functor takes an object 

((r,f),(x,x)) 

of Q and sends it to the object 

((r,x),(f,x)) . 

The morphisms follow a similar pattern. 
We have a functor 

F : NQ\ — > MTaU x MTaU 
which realizes to a homotopy equivalence. Hence 

hocolim (Tub , Tub) — hocolim (Tub x Tub)-Y ^—t hocolim TubxTub = hocolimTub x hocolimTub 

Ug-\ MG-\ MFat j xNFat} Mfat^ Mjh±-\ 

□ 
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We now need to construct a functor 

which respects the operations. We will first construct a natural transformation 

Z:{Tub,Tub)^>Tubo# 

as in 




# \x ^ rub 

(fat a )° v x (Tat a )° v . 

5.2 How to glue tubular neighborhoods. 

Before building this £, we first start by looking at how one might glue tubular neighborhoods. 
Lemma 25. Say we have embeddings 

AxW ^AxX BxY *-BxZ 



Id 



Id 



Say we have tubular neighborhoods 



AxTX 



AxTW 



4>A 



AxW 



A x X 



SxTZ 



BxTY 



Id 



BxY 



B x Z 



B ■ 



Id 



which also lie above the identity. Say finally we have a map 

AxW — > B. 

We get a tubular neighborhood for 

Ax Wx Y — lAxXxZ 
which lie above the identity by taking the composition 



AxTXxTZ 



AxTYVxTY 



AxWxY 




BxY ^ A x^ E 



A x X x Z 



where the last map is the projection away from B . 

Proof. The map il> is automatically smooth. It therefore suffices to prove that it is injective and 
that the derivative gives a splitting near the zero section. 

Lets first prove injectivity. Take two points [cii,0i, kJ (i=l,2) in 

A x TX x TZ 



A x TW x TY 
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and assume that 
The map 



iM[ai,0i,Ki]) =iM[ci2,02, k 2 ]). 

AxlXxTZ i, „ _ , 

AxXxZ — > A x X 



(37) 



A x TWx TY 

sends [a, 9, k] to <pa([Q-, 9]) and since (Pa is injective, we get that 

dl = Cl2 9i = 9 2 . 
In particular the Q[s lie in the same fiber T W X of TX. Let 

b = 7t(ai ,w) = 7t(a2,w). 
Because of ([57)1 and because the diagram 




IxTY 



A x X x B x Z 



A x X x Z 



BxTZ 
BxTY 



X Z 



is commutative, we get that 

cp B ° f([ai,9i, Ki]) = cp B o f([a2,02, K2]). 

Because cps is injective, we get that 

(b, Kl ) = f([a 1 ,9i,Ki]) =f([a 2> e 2 ,K2]) = (b,K 2 ) 

and hence Ki — K2- Hence i|) is injective. 

To show that tJj> is a tubular neighborhood, it suffices to show that the following composition 
is the identity. 



AxTXxTZ 



A xTWxTY 



AxWxY 



I AxTXxTZ 




dtp 


1 AxTWxTY 


AxWxy) 


0—sect 



T(A x X x Z) 



AxTXxTZ 



AxWxY ' 



AxTWxTY 



AxWxY 



Here the first map includes the bundle as the vertical tangent space at the zero section. Pick 
an element (a, w,y) of A x W x Y. Let b = 7t(a,w). If we restrict to the fibre above (a,w,y), 
we have a commutative diagram 



T W X v T\, Z 
T, V W A Tti Y 



T a ,x,y(A X X X Z) 



T a , w (AxX) xT b , y (B xZ] 



T ( AxTZ ^ v t ( BxTZ A 
'a,w ^AxTW y Xlb .y^BxTYy- 

Since the right hand side comes from the product of two tubular neighborhoods it gives the 
identity. And hence so does the left-hand side. □ 
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Lemma 26. Assume that we are in the same situation as in the previous lemma. Now assume 
that we also have pullback diagrams 



A xW 



A x X 



B x Y >- B x Z 



A x W- 



■*AxX 



B x Y- 



■^BxZ 



and assume that both 4> A and 4>b induce tubular neighborhood for the top maps. Finally assume 
that the map 

A x W — ► B 

restricts to a map Ao x Wo — > Bo- Then iM^a, 4>b) restrict to a tubular neighborhood of 

A xW xYo — > A x X x Z . 
In /aci the new tubular neighborhood is 

^M^aIaoxWoi^bIboxYo) 

Proof. We then have a diagram 



A xTXp xTZq 
AqxTWoxTZo 



AxTXxTZ 



AqxTXq BqxTZq »aIa x4»bIb 
AoxTWo A BoxTYo 



AxTX v BxTZ 
AxTW A BxTY 



4> A x 4> B 



A x X x B x Z 



>AxXxBxZ- 



• A x X x Z 



■>AxXxZ 



AxTWxTZ 

and the construction of a tubular neighborhood for 

AxWxY — lAxXxZ 

restricts to one on 

A x W x Y — > A x X x Z . 

Note also that lifting through this type of setting commutes with the construction. (Lifting cb A 
and 4>b first or lifting the il> give the sam tubular neighborhood.) 

□ 



Lemma 27. Say we have 



A x U- 



-Va 



-»-A x UxW 



BxV- 



^B 



-BxVxY 



where "Va and ~vb are bundles. Say we have picked tubular neighborhoods 
, (Tva)Iaxu ^ . m (TA x TU x TW)| AxU 



TA x TU 

. (Tvb)Ibxv . 
ipB : ="vbIbxv 



TA x TU 

(TB x TV x TY)|bxv 



^b 



TB x TV 1 TB x TV 

for the diagonal maps that live above the identity on A x U and BxV. Say we have a map 

g:AxU — > B. 

There gives a tubular neighborhood tl> A for the diagonal map of 

-va © g*^B 



AxUxV- 



■>AxUxVxWxY 
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Proof. We start by following the idea of lemma [5] We get as far as 



(T(-v A ® g*^ B )) IaxUxv ^ 
TA x TU x TV 

TA x TW x TU 



(TA © g*-VB)lAxUxV 



(TA x TU x TV x TW x TV) 



AxUxV 



TA x TU x TV 



TA x TU 



X -v B x 



TB x TV x TV 
TB x TV 



However now we need to be more careful than in the other construciton. Because the tubular 
neighborhood we are using lie above some identities, we land into the image of the embedding 



Idx 



^A © 9 "Vb — > ^A X 7b 

and using this, we get the desired tubular neighborhoods. 



□ 



Lemma 28. Assume that we are in the situation of the previous lemma. Assume that we also 
have a diagram 



^aIo 



A x U. 




^bIo 



Bo x V, 



A x U 



■ A x U x W 




B x V 



x V x Y 



where all squares are pullbacks. Assume that the given tubular neighborhood ij> A and vJ>b restrict 
to tubular neighborhoods for the first diagram. The tubular neighborhood \b A ^U'b then restrict 
to the tubular neighborhood 



for the diagonal map of 



A x U x V 

Proof. 

(T(-v A © 9*^b)) IaxUxv 



"VaIo © 9o^bIo 



An x U x V x Wo x Y n 



TA x TU x TV 



= (TA © g*^B)lAxUxV 



(TA x TU x TV x TW x TV) | Ax u 



xV 



TA x TU x TV 



TA x TW x TU 



-v A x 



•v A x ~V B 



TA x TU 



X "VG X 



TB x TV x TY 
TB x TV 



□ 



5.3 A natural transformation for the T a 

Using the construction of the previous section, we can now glue the tubular neighborhoods that 
were used in the definition of T a . 
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Lemma 29. For any simplex 



(a, a) 



Tn,r n ) -» > (r ,r ) 



of Q-\ , there is a natural transformation 



as in 



'■ la x — f Tfj^tj 



Top. 




Proof. Recall that for any glue-able pair (V,V), we have 

V r II V f 



V r#f = V r H eVp= 



- _ ^ F r II eE~ 



E r hE f 



v r#f - v r 



r in ^ -rin 



eV r# p = eVr II eVp 



eE r _^p = eEr II eEp. 



Fix any object 



a = (0 < io < ■ ■ ■ < ik < ti) 
of A n . To construct 9, we need to define a map 

9(a) : T a (r ik -> > T io ) x T 5 (f llt -» ► f io ) — » T a#d (r ik #f ik 

Let (x,y) be in the domain of this map and lets construct the element 

z= 9(a) (x,y) e T a#& (r\ k #r\ k -» > r io #f i% 

We first need to pick a tubular neighborhood <Py io f° r ^ ne embedding 



V r jts VI" = eE r „ F IIeV r „ F \eE r 

p z : M ri o #r io > M V^o xWV fi k #r ik r ik #r i k y > 



For this, we take 



A x W= | M V ^« ) x ( M eVr| 



i/ v r \ /w/eEp. UeVi, l\eEr. \ 



B x Y = | M V % ^ x f M eVf 



Vi" \ / (eE ? UeVi, )\eE= \ 

M r 'o x W r ^ k 'o = B x Z 



A x W = f M V? ' ; o ) x ( M eVr 



M % = B 



and the map 



comes from the identification di n Fi = d ou tVi . By applying the lemma [25l we get a tubular 
neighborhood for 

AxWxY — )AxXxZ 

which is exactly p z . 
Since 

eE {<p#<p)i(i-n = e £<Pi(i-n HeEf''"- 1 ! eE r „= =eE ro UeE ? 
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we can built a tubular neighborhood for 

M et — > W e 

M eE| "o# F o > W eEr o #p o 

in z by taking the product of the corresponding ones in x and in y. 
We now apply lemma [27] to obtain a tubular neighborhood for 

v r _ f M V %#^o x TW (eEr ^* F ^ UeVr ^# F iJ XeEr io# F io eHr 
M ri o # 'io — > x M % . (38) 



TM i " #r 



1 



We take 



AxUxW = M fi o x M ri o x M eHi c 

»/V r . -n.-feEr. IleVr. )\eE r . 



- ~ . - eHr 

-v A = 77: x M 



TM Vr 'o 

B x V x Y = M% x M eVri o x M eHfi o 

M l o x TW *k 'i-k '*o eHs 

y B = y x M fi o 

TM ri « 

Lets construct the propagating flow , for the normal bundle A z of ([38]) which is part of 
z. Since 

we first take O x x Cl v which is a propagating flow for the product and then we restrict it to the 
appropriate fibers. For z, we take the product 

V? = V? x V? 

to be the connection for the bundle 

e £>Pr#<Pr e E <PT eE ?T 

"V = "V X V . 

We finally need to pick a tubular neighborhood for 



M V[ "T#r"r 



/ v' n (eE r IleV r „p; )\eE r „ = 

T f M r r#r r x W ri k# r ^ r U.# r i^ r '# p r 



k 1 k 



T M 'r#rr x M r r + i#r T + i 



Again, we again apply lemma (|27p with the obvious. 

We still need to prove that z has the appropriate lifting properties. We also need to prove 
that 9 defines a natural transformation. Say cu is a morphism 

(3 = {0 < i jo < • • • < i h < n} a = {0 < io • • • < ik < 

of A n . We need to prove that the following diagram commutes. 

x T,(6) Tg(cu)xT ^ > T a (x) x T s [a.) 



9(a) 



These two proofs reduce to knowing that our construction interact well with liftings. This is 
exactly what the lemmas UHl an d HH 

□ 
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Lemma 30. The natural transformation 

:% x% — > T~o#o 

respects the operations. 

Lets spell out what we mean by this statement. Pick an object 

oc = (0 < i < . . . < ik < tv) 

in A n , an clement 

(x,y) e T a {a) x T & (a) 
and < r < io . The elements x and y determine operations 

-> Thorn (k^Jm'v) 
-» r/iom( Kfi J M r T ) 



^ X , T : M 9 » r " x W Fik 
jj.y jr : M 3 '" rr x Wp. 



We first claim that \i Vtr lifts through the diagram 

<r it l M rrXW F _ _ ^ _ ^ Thorn ( K r „ ? . ) 



M 



'xW f . _ _ ^ Tftom f k f . ^ 

l k V '^k M r r#rr/ 



M a»r T x Wf 



T/iom 



h -) 



and that x, y and z = 9[oi){x,y) give a commutative diagram 

M 3.„r r x w x w ^- rXld „ T/iom(K r . | M r T ) x W f 

T/iom(K ro#fo ). 

Proof. Lets first show that we get a lift p. UjT of [i y . For the glue-able pair (P T , T r ) we have maps 
of graphs 



We first consider the diagram 



M r - x PM et Fr x M f 



r r #f r 



M Ft X M eEii r UeV r r ^ X W eE fr UeV fr 



M d '" r * X PM eE '> X M eV fr "* JVl 9 '"^ X M eE fr UeV fr M 9 ™^ X W^r 
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Since the choices contain in y lived above the identity on the incoming boundary of T T , our 
operation Uy jr restricts to an operation |^ on the top row. For the same reason, we can then 
twist this operation by Kr t Im^ • 

To prove that these choices give a compatible Thorn collapse map, we consider the following 
diagram. Note that to shorten the notation we have dropped the io's and the ij-'s as there is no 
confusion. We have also used W(F), W and W# to represent the Euclidean spaces W eEri k UeVri k , 

, ,eEp UeVp , . ,eE r „= IIeV r „p 

W 1 k 1 k and W r ^* r ^ r ^* r ^ . 

M r# M r x PM S x ^ M r x M Sue ^ M r x W 




M 9 '- r x W# 



We will show how to construct the operation for each double arrow in a compatible way. In the 
end, the vertical operation will be the one associated x and T, the horizontal one will be the 
lifted one associated to y and T and the diagonal one the operation we have just constructed. 

Since the extra terms are kept constant, we can use x to pick the choices for the vertical 
maps. Similarly the choices for To determine the tubular neighborhood of the horizontal arrows. 
However for the horizontal maps, we need to use the map 

M Vr o — > M. r o 

to lift the old tubular neighborhood. To go from M 3l " r to M r °, we use that the tubular 
neighborhoods keep M v ™ constant. The diagonal maps are all already constructed except for 

M r x M eEUeV > M 3„r x pM eE x M eV x 

This one is easy since the two fat graphs are independent. We use the tubular neighborhood for 

M a m r x M eEiiev — > M a m r x ^_ 

And since it does not move M 9i " r , it will not interfere with the choices we have made for 

M r x — > M 9 » r x PM eE x M eV 

We claim that these choices give compatible operations. Only three positions are not trivial. 
Lets consider each of these separately. 
Consider first the bottom triangle 




x W 



M 3„r x W x w. 



The point in M a ™ r determines which tubular neighborhood for 

M eEUeV iW(r) M eEUeV >W 
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and these tubular neighborhood are completely independent. Hence the composition of Thorn 
collapses of (A) and (B) is the operation corresponding to the product of these. This is what 
we chose for (C). 

Lets now consider the top right square 

(A) 



M r x M eEUeV 

(C) 

M 3 m r x pM eE x M eV*UeE 



(B) 



=> M r x W 

(D) 

M 3„r x pM eE x M eV x 



The tubular neighborhoods for (A) and (B) both use the tubular neighborhood 

M^™ x ■ v eEUeV — > M^'" x W eEUeV 

which is part of x and leave the remainder and M v ™ untouched. On the contrary, the tubular 
neighborhoods for (C) and (D) ignore the terms of F. In particular this square give compatible 
operations. 

Finally lets look at the left-most triangle 

> M r x PM S x • 

(B) 

M 3,„r x ?M eTL* x M eV# 

This part of the construction is the more subtle. First, we look at the finite dimensional, 




M 



v* 



(A) fin 



* M v x M eH x M eV 
M v '" x M eH# x M eV# . 



We twist this with the bundle 
(M v '"xTW ( < u < )XeE# ) 



M v ™ x TM eV# 



x M 



eH* 



M v ™ x TW (eE ^ UeV ^'\ eE x TW (eE ^ UeV ^)\ eE 
M vm x TM eV ^ x TM^k 



above M v#UeH# . Since our tubular neighborhoods live above the identity on M v , any point 
gives a tubular neighborhoods for the diagram 



M eV x M eV ' 



M eV x M eV x M eH 



-n . , ( eE: IleV.: )\eE ,, -...(eE: II eV; )\eE ~ 

TW' l k n x f^\eH x TW He _ *k J s x Jf^eH 



— i — ^ , eV< 
TM l k 



TM 



Now the part coming from F and the part coming from V are completely independent. In 
particular, we get the construction for F#F. 

Now it suffices to see how we use the propagating flows. Recall that we are only moving the 
extra edges and that 

eE # = eE II eE. 
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Figure 9: A tubular neighborhood. 



In particular, since the propagating flow for the diagonal map is the product of the two prop- 
agating flow, the movement of one edge of V only depends on the propagating flow of F And 
similarly for F □ 



A Tubular neighborhoods 

A.l Tubular neighborhoods of finite dimensional embedding 

Say we have an embedding p:McN. Let 

TN| M 

v = 

TM 

be its tubular neighborhood. 

Definition 5. A tubular neighborhood is an embedding 

f : v — > N 

so that the restriction 

ci » a — sect f 

f| M : M s~ jsj 

to the 0-section is the inclusion p and so that the composition 

TM © v = Tv|m TN| M — > y 
is the projection onto the second component. 

Assume that both M and N are smooth finite dimensional manifold. Assume that M is 
compact. Consider the space Tub(p) of all tubular neighborhoods of p. We topologize it as a 
subspace of the space of all embcddings of v into V with the C°° topology. 

Proposition 31. The space Tub(p) is contractible. 

Proof. This is a classical result. We include a proof because it gives a more general statement 
which we shall use. Fix one tubular neighborhoods fo : v — > N and pick a metric on the bundle 
v and an extension of it to N. Let Vo denote the image of fo- 

The first step is to homotope Tubj (p) into the subspace Tubf (p) which contains all tubular 
neighborhoods f so that f(v) C foM- Consider the metric 

||f|h =sup{||df(v)|| ||v||<1} 
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on Tub(p). Fix a 5 > so that 

||f|h <5 =^ f(BiM) cfoM. 
We now construct a homotopy of Tub(p) into the subspace Tub{p)i . Define 

H : Tub{p) x I — > Tub[p) 

by 

H(f,t):-v — ► V 

" zeIMHH 

26 



f (J1 - t)y + 1 ^^jj^ arctan 

Jiv) 



otherwise. 



This function is smooth because the function 

gW = 



arctan(x) x^O 
x = 



is both smooth and even. Since the derivative of the function g is 1 at zero, H(f,t) is a tubular 
neighborhood for each t. Because for any positive c 



2 r 7tc , 

urn — arctan[— xj = c, 

x >oo 7TC 2 



we have that for any y£"v 



1 



26 



arctan 



Ttlvlllfi: 
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D € D 5/ || f[| v. 



For any f = oc(z) and for y e v with |y| 7^ 0, we have that 

H(f,1)(y) Gf(D 6/ || f p) CV 

We will now retract all of Tub{p)i onto fo. For any f in 7w6(p)f , because f("v) C fo("v), we 
can make sense of 

g ^f- 1 . f ;y >y. 

By our definition of tubular neighborhoods, g is the identity on M C v and whose fiberwise 
derivative is the identity at M. Consider the map 



Ff : v x I 

(y,t) 



t-^ty) t>0 
Id t = 



By Hirsch's argument Ff is a smooth homotopy between the identity and g. By composing it 
with fo, we get a isotopy between fo and f. This homotopy depends continuously on f. □ 



A. 2 Compatible Thorn collapses 

Lets now consider the pull-back diagram 
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B 




Figure 10: Compatible tubular neighborhoods. 



We assume that B and C are embedded in D and that they meet transversely at A. Let 

TB|a , TD[ C 

be the normal bundles. Note that since we have a transverse intersection, 

M- = A| A . 

We want to give conditions on the tubular neighborhoods of A in B and C in D under which 
the Thorn collapses along the horizontal arrows give a commutative diagram 

B *- Thom(p) 



D >- Thoru(A). 

This diagram will commute if and only if the choice of tubular neighborhoods make the following 
commutes. 

H 5- B 



D 



Hence a choice of tubular neighborhood for pc determines completely the one for Pa- However, 
we do need 

f : A — > D 

to map the subbundle A|a into B. Let 7ii&(pA,Pc) C Tub{pc) be the space of tubular neigh- 
borhood of pc which induce a tubular neighborhood for Pa- 

Proposition 32. The space Tm&(pa,Pc) is contractible. 

Proof. This proof follows the proof of proposition [22 Start with any f o : A — > D so that 

fo(*U) C B. 

Both steps involved in contracting the space Tub{pc) will restrict to homotopies between tubular 
neighborhoods which have this condtition. □ 
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A. 3 Compositions of Thom collapses. 

We will also need some compatibility for compositions of embcddings 



Denote the normal bundles by 



TB[ A TC| B TC| a 
A = "v 



TA TB TA 

We have a short exact sequence 

u- — >-v — > A| A . 

This sequence splits but not naturally. Say we have chosen tubular neighborhoods 

f n : u — > B f a : A — > C f ^ : y — > C 

for each of these embeddings. We get three Thom collapses 

B — > Th,oru(u) C — > Th.oru(A) C — > Th.oru(-v). 

We would like to compare the composition of the first two to the third. However the first two 
do not compose. To add to this, the target of the unexistent composition would not be the same 
as the target of the third one. 

We therefore consider tubular neighborhoods for the composition 

— sect 

A B - A. 



whose normal bundle is 



T(A)| A _ TB| A ©A| A ^ 

= M-© A| A 



TA TA 

A choice of a tubular neighborhood 

f A : u©A| A — > A 

gives a Thom collapse 

A ^Th.om.(u©A| A ) 

which extends to Thoru(A). We can then compose the two Thom collapses to get 

C — > Thom(A) — > ThoTu(|a.© A| A ) 
From the choice tubular neighborhood fy for g, we get identifications 

T(A)|b=TC| b u©A| a =t 

and hence we get a diagram 

C c— Th.om(A) ^Th.oru(M.©A| A ) (39) 



Thora(T). 

Definition 6. We call the tubular neighborhoods f ^, f A and f v compatible if they make dia- 
gram [39] commutes. Let 7w&(p A B, Pbc, Pac) denote the space of compatible choices of tubular 
neighborhood for f, g and g • f . 

Proposition 33. The space Tub (p A B , Pbc > Pac ) is contractible. 
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Figure 11: The inclusion of A into A and then into C. 

Proof. The space 7u&(pab, Pbc, Pac) is homeomorphic to the product 

Tub{{0 - sect) ■ Pab) x Tufe(p B c)- 
For any choice of t^ and tA, there is exactly one compatible ty, namely the composition 

•v^> u®A| A -^A-^C. 
Note that there is a pullback diagram 

A *- A 

t A 

A > C. 

This implies that once t\ is fixed, the problem simplifies to the pullback case of the previous 
section. □ 
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